PARAMETRIZED VARIATIONAL PRINCIPLES 
FOR LINEAR ELECTROMAGNETO DYNAMICS 


Carlos A. Felippa 
James J. Schuler 

Department of Aerospace Engineering Sciences 
and Center for Space Structures and Controls 
University of Colorado at Boulder 
Boulder, Colorado 80309-0429, USA 


ABSTRACT 

n ? W ° famiH ? ^ Parametrized mixed variational principles for linear electromagnetody- 
amics are constructed. The first family is applicable when the current density distribution 

' S OWT ! a f n ° n ' , ItS S1X mdependent fields ^ magnetic intensity and flux density, magnetic 
po ential, electric intensity and flux density and electric potential. Through appropriate 

ciahzation of parameters the first principle reduces to more conventional prindples proposed 
m the literature. The second family is appropriate when the current density distribution and 

fieM T Sa H m “ ltlplier field adjoined, giving a total of eight independently varied 

.In this case it is shown that a conventional variational principle exists only in the time- 
m ependent (static case. Several static functionals with reduced number of varied fields are 
presented. The application of one of these principles to construct finite elements with current 
prediction capabilities is illustrated with a numerical example. 


1. INTRODUCTION 

stru J h finrtp Pl l Cati0n , ° f 6nerSy and Variational methods in electromagnetodynamics to con- 
struct finite element approximations has not received to date the same level of attention 

fn^ of C ° nt . lnUU 7 structural mechanics. Part of this lag can be attributed to the dom- 
inance of analytical and semi-analytical method*. Over the past century (since Heaviside’s 
landmark papers) these methods have been refined and tuned to routinely treat special but 
important classes of application problems such as circuits, antennas and waveguides. The most 

who aotrTH eXPOSl f K°A ° f “ Gnergy meth ° dS in b ° 0k W is that of H^imond (1981 
pphes these methods to hand-computed Rayleigh-Ritz and Galerkin approximations 

that LyX m ° deSt but increasin S attention for calculations 

he work to ^ e tldlmensl ° nal ’ com P le - geometries and intricate field distributions. Much of 
the work to date appears to have been done in England, most likely because of the strong 
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influence of the Swansea group formerly headed by 0. C. Zienkkwicz. The work is well 
described in survey articles by Davies (1989), Trowbndge (1984), Simkm and Trowbridge 
(1991) and the textbook by Silvester and Ferrari (1990). The overall impression given by these 
expositions is that of an unsettled subject, reminiscent of the early period (1955-1968) of finite 
elements in structural mechanics A great number of single-field formulations based on flux, 
intensity scalar and reduced potentials are described with the recommended choice varying 
according to the application, medium involved (polarizable, dielectric, semiconductors, etc.) 
number of space dimensions, temporal variation characteristics (static, quasi-static, harmonic 
or transient) as well as other factors of lesser importance. 

The present work is part of an ongoing research project to develop one- and two- 
dimensional finite element models for superconductors (Schuler and Fehppa, 1990, 1991, 
Schuler 1992), During the course of this project several variational principles of increas- 
ing generality were constructed. This paper presents a partial unification of mixed variational 
principles for Unear electromagnetics. Two famines of parametrized variational pnnciples are 
considered. These two famines, identified by the number of independently varied fields m the 
sequel, are intended for two different types of source data. 

The six- field family is appropriate when the current density distribution J is a source field 
(that is, is known a priori). Its general functional is denoted by 


R (6) ( E,D,B,H,A,$), 


( 1 ) 


where E D B and H are the classical electromagnetic fields that appear in Maxwell’s equa- 
tions and $ and A are the electromagnetic potentials. This functional is found to depend on 
91 numerical coefficients that specify the weights of various fields. The coefficients must sat- 
isfy 12 consistency constraints, leaving 9 free parameters. Through appropriate speciahzation 
of these parameters aU specific functionals of this form that contain the potentials A and * 
as independent fields can be produced. These functionals are apphcable to both static and 

dynamic problems. 

The eight-field family is a generahzation of R {6) that is appropriate when the current 
density distribution J is unknown. Its general functional is denoted by 


/? <8) (E. D. B. H, A, J. A). 




where A is an additional Lagrange multipher field that emerges on adjoining Ohm’s law. 

This functional depends on 36 coefficients that must satisfy 24 constraints apparently 
leaving 12 free parameters. These constraints, however, can only be fufly satisfied only if the 
system is time-independent; thus a variational principle of the assumed quadratic form exists 
only in the static case. For the dynamic case a four-field restricted variation al principle in the 
sense of Rosen- Prigogine can be readily constructed. For static problems speciahzed pnnciples 
with two to four varied fields are presented. One of these static principles is applied to the 
finite element calculation of current distribution in a wire of varying conductivity. 

The two famihes do not exhaust 1 the totahty of variational principles for Unear electro- 


magnetics because two classes of la tionals are excluded: . . s 

(I) Functionals in which the distribution of electric charge density p is also varied indepen- 
dently are not covered. There are classes of problems in which p may be considered as 
source data, for example in homogeneous steady-state conduction charges migrate to the 
surface and p vanishes in the volume. For other problems p may be ehmmated point- 
wise in favor of varied fields E, $ or even (if Ohm's law is adjoined) J. Some of these 
eliminations are described for the eight-field family. 


1 Thus the qualification “partial unification” used above. 



(II) Functionals that lack the EM potentials A and $ as independently varied fields are not 
covered. These would be analogous to the complementary energy principles of mechanics. 
Although occasionally used for bound estimation purposes, complementary EM principles 
lack appeal in our research program because of three reasons: (1) A and $ appear 
naturally in the volume-source and boundary-closure terms, (2) potentials are excellent 
variables to treat material interface discontinuities in finite element discretizations, and 
(3) A is am important variable in superconductor modeling. 

Extensions of the present variational principles to nonlinear and coupled-field problems 
are outlined in the Conclusions. Our main research thrust in this regard has been the gener- 
alization to include Type I and II superconductivity (Schuler 1992). Such problems usually 
involve a mix of conducting and superconducting regions. As a result the current density 
varies enormously in space. Finding this distribution, which reflects the separation of the ma- 
terial into normal and superconducting regions, is an essential part of the problem. It follows 
that the eight-field family is of particular interest as a point of departure for constructing 
variational principles for superconductors. Such developments will be reported elsewhere. 

2. FIELD EQUATIONS 


The Maxwell Equations 

The Maxwell equations of electromagnetodynamics, developed in the 1860s, are used 
here in the classical ‘3+1’ format. These equations involve six space-time fields: B, D, E, 
H, J and p. Vectors E and H represent the electric and magnetic field strengths (also called 
intensities), respectively, whereas D and B represent the electric and magnetic flux densities, 
respectively. 2 All of these are three- vector quantities, that is, vector fields in three-dimensional 
space (xi = x, X 2 = y x 3 = x): 


f *1 


l Dl \ 
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>, D=< 

d 2 > 

ls 3 J 

1 1 

[d 3 J 



(3) 


Each component may depend on space and time. Other field quantities are the total current 
density J (a three- vector) and the electric free-charge density p (a scalar). Using superposed 
dots to denote differentiation with respect to time t, we can state Maxwell’s equations in a 
fixed Galilean frame 3 


V x H-D = J, 

V x E + B = 0, 

V • B = 0, 

II 

Q 

> 


(4) 


in which the use of a mks-Giorgi system of units is assumed. 4 The first three equations are 
also called Ampere-Maxwell, Faraday’s and Gauss’ laws, respectively. 

The system (4) supplies a total of eight partial differential equations, which as stated 
are independent of the properties of the underlying medium. If J and p are prescribed source 
fields the eight equations are insufficient, however, to determine the twelve spatial components 
of fields B, D, E and H. 


2 B is also called the magnetic induction vector and D the electric displacement vector. Many 
authors note, however, that the last term may be highly misleading. 

3 Corrections, whether relativistic or not, required as a result of the motion of the reference 
system are not considered here. 

4 In a cgs-unit system, factors of 47 t appear in the nonhomogeneous Maxwell equations. 




Constitutive Equations 

The field intensities E and H and the corresponding flux densities D and B are not inde- 
pendent but connected by electromagnetic constitutive equations. For an electromagnetically 
isotropic material the equations are 


B = /iH, D = eE. 


(5) 


where fi and e are the permeability and susceptibility, respectively, of the material 5 . These 
coefficients may be functions of position but are assumed not to depend on time. For a 
general non-isotropic material both /i and t become tensors. Even in isotropic media fi may 
be a complicated function of H; in ferromagnetic materials that exhibit hysteretic effects fi 
depends on the previous magnetization history. 

In free space fi = no and t — e 0 , which are connected by 


4 — l/CA'oeo), 


( 6 ) 


where Co is the speed of light in vacuum. 

Many conductors obey Ohm’s law, which relates the electrical field 
current density J: 

J = <rE, 


strength E to the 


(7) 


where c is the conductivity of the material. Again for a non-isotropic material <7 is generally 
a tensor that for time- harmonic fields may contain real and imaginary components; in which 
case the above relation becomes a generalized Ohm’s law. In the sequel a is assumed to be 
time-independent. The ratio tj o has the dimension of time and is called the relaxation time 
of a conductor. This value varies over many orders of magnitude. For a good conductor the 
relaxation time is of the order of picoseconds ( t.g . for copper tja « 1.5 x 10 -10 sec, whereas 
for good insulators it may be of the order of hours or days ( e.g. for pure quartz, e/cr ss IQ 6 
sec). In free space (a perfect insulator), a = 0. 


The Electromagnetic Potentials 

The electric scalar potential $ and the magnetic vector potential A are introduced by 
the standard definitions 


E = -V$ - A, B = V x A, 


( 8 ) 


upon which the two homogeneous Maxwell equations in (4) become identically satisfied. The 
definition of A leaves its divergence V ■ A arbitrary. A common choice to fix A is the Lorentz 
gauge: 


V • A + /ie$ = 0. 


(9) 


With this choice and using (J (iTtcsian coordinates the two non- homogeneous Maxwell 
equations written in terms of $ and A separate into the wave equations 


V 2 $ - fid = -p/e, V 2 A — fteA = —fij. 


( 10 ) 


Other names for these quantities, such as inductivity and permittivity, are also used 





These wave equations hold even if p. and e axe functions of position, but not of time. For 

a conducting medium, these equations are indirectly coupled on the right-hand side through 
Ohm’s law (8). 

Summary of Field Equations 


For further use in the derivation of variational principles, we summarize and label the 
field equations as follows: 


M h : 

VxH — D — J = 0, 

M e : 

<1 

0 

1 

II 

o 

C t : 

D - eE = 0, 

C,: 

B - pH =s 0, 

Pe : 

E + V$ + A = 0, 

Pb‘ 

B - V x A = 0, 

C„ : 

E - <rJ = 0, 

M b : 

V • B = 0, 

M e : 

VxE + B = 0, 

G l : 

V • A + = 0. 


(ii) 


The set ( M h ,Md , C^, C ( , P E , Pq ) supplies 16 equations for the 5 x 3 + 1 = 16 unknown 
spatial components of (E,D,B,H, A,$). Equations (M B ,M E ) are in fact redundant, being 
identically satisfied by (P Ef P B ). Equation Gl is only a normalization condition on A. O hm ’s 
law C < T may be adjoined if the current density J is not given, in which case we obtain 19 
equations for 19 unknown component functions. 


Notational Conventions 


In the following derivation of parametrized variational principles, the notational conven- 
tions of Felippa (1989a, 1989b) are followed. An independently varied field is identified by a 
superposed tilde; for example E, B. A derived field is identified by writing its independent 
“parent” field as superscript; for example: 

D £ = eE, B A = V x A, H" 4 = n~ l ~Q A = (i~ l V x A. (12) 

If a derived quantity depends on two parent fields, both are listed starting with the most 
significant one: 

D*" 4 = eE*'* = -e(V$ + A). (13) 

The integral of a function / over volume V or surface S is often abbreviated to 


C , )v = j v f dV ' [f) s = Sj dS - <M> 

Integrals over space- time V x [t x , t 2 J or 5 x [fj,t 2 ] may be shortened to 

Wv.-CJv'"*' 1'L-f/," 5 * < 15 > 



If f, g are two vector functions, their inner-product over V may be abbreviated in the 
usual manner: r 

Mv *//•"’ (16) 

and similarly for surface, volume x time, and surface x time integrals. 

3. SIX-FIELD VARIATIONAL PRINCIPLES ~ 

The functionals considered in this and following sections have the general form 

R = U -P + B = L + B ] (17) 

where U is a quadratic form that characterizes the internal (stored) energy of the electromag- — 

netic field, P is a linear form that characterizes the potential of volume-source contributions, 
and B contains boundary closure integrals. We often use L (the volume Lagrangian) for U-P. 

The first two components can be expressed as space-time integrals: ~ 

u -J,' L udvdt =Wv«,’ p =C l vdvdt =( p )v,,’ (is) 

where U and V are the electromagnetic energy density and source density, respectively. We 
also denote C = U - V as Lagrangian volume density. The boundary closure term is treated 
later as it emerges from the first variation of L = U — P . The functionals and densities in 
(17) and (18) will be superscripted with the number of independent fields as appropriate. 

The six-field source density is given by 

V (6) = J T A + />$, ( 19 ) _ 

because J and p are prescribed. As for U^ 6 \ making use of the “undetermined coefficient 
template” te chni que previously exploited by Felippa and Militello (1989,1990) and Felippa 
(1991,1992), the following parametrized form is postulated: 6 

r c _1 H 'j T T fful 512I ?i3l 9ul ffi 5 I 5iel 

C -1 H S 02ll 022I 023I 0241 02sl 5261 

;/(«) _ 1 C- 1 ^ ^ 53ll 532I 533I 534I flf 35 I 5361 

— 2 £) > 0 41 I ^42 1 J43I 544I 543I 5461 

D £ 551I 552I 553I 554I 555I 5sel 

k D*" 4 J 1561 1 5621 5631 5641 56 5 I 5661 

where g t j are dimensionless scalar coefficients to be selected, I denotes the 3x3 identity 
matrix and 

c 2 = 1 /(fie), ( 21 ) 

is the speed of propagation of EM disturl ^ces in matter. 


6 Following a nomenclature similar to that used in developing parametrized variational principles 
for continuum mechanics, U may be called the generalized electromagnetic field energy density. 
As a rough guide in comparing to such principles, c“ l H and D may be regarded as analogous 
to mechanical stresses whereas c33 and E are analogous to mechanical strains. The potentials 
A and $ are analogous to displacements. The analogy, however, does not readily extend to 
boundary conditions. 




The scaling of B and H by c and c 1 in (20) “equilibrates” the physical units. 
The derived fields that appear there are: 


B" =h H, B a = V X A, E° = e~'D, E* A = -V* - A, 
H b = m~ 1 B, D £ = cE, 

D* a = eE* A , 


( 22 ) 


Relations (22) may be expressed in matrix form as- 


' cB h ' 


‘/id 

0 

0 

0 

0 

0 - 


' H ' 

cB 


0 

cl 

0 

0 

0 

0 


B 

cB a 


0 

0 

c A 

0 

0 

0 


A 

E d 

> — 

0 

0 

0 

e^I 

0 

0 

< 

D 

E 


0 

0 

0 

0 

I 

0 


E 



. 0 

0 

d T 

“75? 1 

0 

0 

-v. 


. $ , 


(23) 


c -1 H ) 


-c _1 I 

0 

0 

0 

0 

0 • 


’ H " 



0 

(a* c ) -1 i 

0 

0 

0 

0 


B 

c-‘H a 


0 

0 

(/ic) _1 A 

0 

0 

0 


A 

D 

y — 

0 

0 

0 

I 

0 

0 

< 

D 

D e 


0 

0 

0 

0 

el 

0 


E 

l D* A J 


. 0 

0 

- 7)7 eI 

0 

0 

— eV_ 


, * J 


(24) 


in which A = Vx denotes the curl operator for typographical convenience; note that A r = 
- x V. 

Let 


z< 6) = 


r H ' 


Cn 

C12 

C13 

C14 

C15 

Cj6 

B 


C21 

C22 

C23 

C24 

C25 

C26 

A 

< — 

> , C (6) = 

C31 

C32 

C33 

C34 

C35 

C36 

D 

C41 

C42 

C43 

C44 

C45 

C46 

E 


C51 

C52 

C53 

C54 

C55 

C56 

, * J 


. ^61 

C 62 

<^63 

^64 

^65 

^66 . 


(25) 


be the complete 16-component state vector of six independent fields and the 16 x 16 kernel 
matrix, respectively, obtained by changing the variables in (20) according to (23) and the 
transpose of (24). Then 


tt (6) = ±z (6) C (6) z (6) . 


(26) 



The component submatrices of are given by 


Cn = gnfjil, Ci 2 = gnl, 

Cl4 = 5i4/*cl, Cis = ffl5C _1 I, 
Oil = 52ll> C 22 = <722/* 


_j d 

C 13 = <713 A — g i6 c —I, 


Cie = — gisc V, 

Q 

C 23 = 523/* -1 A — gittc—l. 


C 24 = 324 CI 1 C 25 = 52 S«cI, C 26 = — <726£cV, 


t d 

Qu= <731 A — fl<6lC ^T, 


0 

C 32 = 032/* -1 A T - g , 6 2 (/*c) -1 -^1, 


€ 33 = 533 /* 1 A r A — (/ic) 1 (ff 3 eA i + < 763 A)-jt- + </««€ ■ _L 


i-i 


a 


a a 


at 


at a< 


9 3 9 

C34 = gziC\ T — 564 C35 = g $$€ c\ T — jsse— I, C36 = — <73 6 ecA r V + <766^— V, 


‘at 

C41 = g4\ficl, C42 = < 742 c I* 

C44 = 544 ^ C45 = 343 € 1 I, C46 = — <746 V, 

C51 = <751 c *1, C52 = gs2^cl, 

C34 = 554^1, C55 = <755!, C56 = — ?56«V, 

C 6 i = — 56ic _1 V :r 

Cs4 = — <764 ^65 = — <765£^ r > ^66 = g 66 e ^ T ^ • 


at 


C 43 = 543 cA — <746—1, 


C53 = ^53€cA — gs$e— I, 


Ce2 = — <762€cV r , C63 = — ff63tcV T A + g^eV T — y 


(27) 

Note that in the above ec = (/xc) 1 ; one expression or the other is used to facilitate 
taking the first variation below. Matrix must be symmetric because only its symmetric 
part participates in the first variation of U^\ This requirement provides the 21 symmetry 
conditions: 

9ji = 9ij j z = 1 , . . . , 6, j = 1, . . . , 6. (28) 

Consequently the functional U* 6 \ and thus R^ 6 \ is fully characterized by 21 dimensionless 


coefficients, which may be arran 

ged as a symmetric 6 x 

6 matrix: 


<7ii <7i2 

< 713 

514 

515 

5l6 


9 22 

9 23 

9 24 

5 25 

5 26 

g< 6) = 


<733 

9 34 

5 35 

5 36 




<744 

5 45 

5 46 





5 55 

5 56 


symm 




566 . 


(29) 


This is called the functional- generating matrix. The entries of c ann ot be selected arbi- 
trarily, however, because the consistency conditions derived below impose several constraints. 

T* 

For further use defin - f he six-field source vector s 1 - 6 ’ = [0 0 J 0 0 p ] so that 


V (6) = s (6) z (6) . 


(30) 


The First Variation 

With the definitions (26) and (30) the first variation of the volume terms of the six-field 
form is given by 


6L (6) = 6(U (6) - P (6) ) = (<5z (6) ,C (6) z (6) - s (6 >) 


(31) 



(32) 


After appropriate manipulations 7 we get 

= ( AB '*L, + + («- + (*** 8 ) v „ 

+ ( AD ’®)v,, + (^-^^) Vx ,-[ H "”^] Sx , + K i: *] S)<1 

where the coefficients of the volume variations are 

AB = g u B H + g n B + 9i 3 B a + c _1 (g u E° + g 15 E° + 5 16 E <M ) 

AH = 512 H + 522 H fl + 523H" 1 + c^ 24 D + 5350^ + ) , 

Q = V x (513H + 523 H fl + 5 33 H^) + (g 46 d + 5 56 B e + 5660*^) 

+ £C [dt { gisBH + g ^B + 5 36 B a ) + V x (5, 4 E d + 535 E + 5 36 E <M ) , 

AE = c(5i 4 B h + 524B + 5 34 B^) + 5 44 E° + 5 45 E + g 46 E* A , 

AD = c 1 (51 5 H + 52sH fl + 53sH j4 j -f 5 4S D + 5550^ + 5 56 D* /t , 

AT = - V • (5 46 D + g 56 D E + g 66 D * A ) - ecV • (^B* + 5 26 B + 5 36 B^) , 
and for the surface variations 


(33) 

(34) 

(35) 

(36) 

(37) 

(38) 


H„ — H x n — ^5 i 3 H + 5 2 3H fl +5 33 H j4 ^ x n. 
D n = D“ • n = - (545 D + g 56 D E + 566D*" 1 ) - n. 


(39) 


(40) 

HerC D ." a and denote weighted combinations of independent and derived electric and 
magnetic fluxes, respectively, on S. It follows that the appropriate boundary term is 

B {6) = [H“’ x A,n] Sx| + [D",$] Sxt . ( 41 ) 

where the first term follows from H x n • A = -H x A ■ n. This term defines essential and 
natural boundary conditions. For example, either $ or D™ may be prescribed on S x t. 

Consistency Conditions 

When the^ varied electromagnetic fields coincide with the exact ones we must have H = 
— H , E — E — E — E , and so on. Substituting these conditions into the first 

In working out the variations of $ and A, the following integration- by- parts formulas have been 
used: 

(v, 6( V$)) ^ = (v, w) ^ = - (s*. Vv) ^ + [**, V . n] , 

( V,5(V * A) )v = ( v > V x 5A ) V = (*A.V X v)^ - [fA,v x n] 5> 

where v is an arbitrary vector and n denotes the external unit normal on 5 . Furthermore 
the variations of the independent fields at initial and final times, in accordance with the usual 
procedure in Hamiltonian forms, have been assumed to vanish. 


variation yields 


AB = ( gu + 9i2 + 0 i 3 )B + (<7i4 + 0is + 0i6) c *E, 

AH = (^12 + 922 + 023)H + (024 + 025 + ? 2 «)cD, 

Q = (g 13 + g 23 + 0 33 )V X H + (^46 + 056 + 066 )D 

+ ec (516 + 926 + 03 e)B + (534 + 035 + 03 e)V x Ej , (42) 

AE = (514 + 524 + 034 ) cB + (544 + 045 + 546 )E, 

AD = (515 +525 + 035 )c -1 H + (545 +055 +05e)E>, 

K = -(046 + 056 + 066) v • D - ec(gi6 + 026 + 036) V • B, 

The Euler equations that emanate from (32) are AB = 0, AH = 0 , AD = 0, AE = 0 , 
q _ j — 0 , and K — p = 0. Consistency with the field equations (11) requires that 


011 + 012 + 013 = 0, 

014 + 015 + 016 = Oi 

012 + 022 + 023 = 0» 

024 + 025 + 026 = 0, 

013 + 023 + 033 = 1? 

016 + 026 + 036 = Oi 

034 + 035 + 036 = Oj 

046 + 056 + 066 = - 1> 

014 + 024 + 034 = 0, 

044 + 045 + 046 = 0> 

015 + 025 + 035 = 0? 

045 + 055 + 056 = 0, 


(43) 


The 12 constraints reduce the number of free parameters in matrix G to 21 12 9. Notice 

that this choice also satisfies the consistency requirements for the weighted boundary terms 

in (39) and (40). 


Interpretation of Euler Equations 

Several of the Euler equations appear in unconventional form because they involve a 
weighted combination of several field equations. Take for definiteness AB = 0. Split as AB = 
ABb + ABb = 0. Ea r h component must vanish separately because of field independence. 
Consider the first component rewritten in terms of weights w u w 2 and w 3 as 


AB B = 0uB H +0 i 2 B+0i 3 B a = (wi -w 3 )B H +(u> 2 -u>i)B + (u> 3 -w 2 )B a ^ 
= wi(B h — B) + u, 2 (B — B A ) + ui 3 (B B ). 

Now the constraint g n + 012+013 = 0 is satisfied for arbitral -y nonzero weights w u w 2 , w 3 . But 
B H = B is the constitutive equation labeled C M in (11), B = B A is the potential definition 
labeled Pb, and B A = B H is a transitive combination of and Pa • Thus we conclude that 
ABb = 0 is a weighted-residual representation of Pb and C M . Similarly one can show that 
ABg = 0 is a weighted-residual representation of Pe and C ( . 

Similar interpretations can be worked out for AH = 0, AD = 0, and AE = 0. Sum- 
marizing, the Euler equations associated with the venations in H, B, E and D represent, 
in weighted form, the constitutive equations C M , C ( and the potential definition equations 
P B and P E . Because the latter verify the homogeneous Maxwell equations M B and M B by 
definition, we recover the first 8 equations of (11) except for the Maxwell source equations 
Mr and Md- These follow directly from the variations in A and <5, respectively, as is obvious 
from (32) and (42). Should the coefficients be such that the weight of a particular equation 
turns out to be zero, that relation must be verified in strong (pointwise) form. 

Equation C a (Ohm’s law) is not included in this principle because J is prescribed. The 
Lorentz gauge condition G L generally does not follow from the variational principle and must 



be separately imposed by augmenting the variational principle with a Lagrange multiplier 
(Schuler and Felippa 1991). 

Specializations 

The simplest choice (in the sense of having the sparsest matrix) that verifies the consis- 
tency conditions (43) is 


G (6) = 


0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 1 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 -1 


(45) 


which supplies the two-field form 

L{ A,$) = \U~ x B a ,B a ) -±(eE* A ,E* A ) - (j,l) - (p,$) 

1 \ /Vxt 1 \ /Vxt \ /Vxt \ /Vxt 




O A 2 

- J r A }dVdt. 
at 


■I 


(46) 


where ||v || 2 = v r v. The integrand is the conventional electromagnetic Lagrangian density 
expressed in terms of the potentials. 8 In (46) the constitutive relations C fl and C f are verified 
in strong (pointwise) form. 

Oden and Reddy (1983) present a six-field variational principle for magnetohydrodynam- 
ics which, on correcting some sign glitches, may be maneuvered to 


G (6) = 


1 -1 0 0 0 0 

-10 10 0 0 
0 1 0 0 0 0 

0 0 0 0 1 -1 

0 0 0 1 -1 0 

0 0 0 -1 0 0 


(47) 


It can be observed that the previous two examples pertain to the following “template” 
subset of (29), in which coupling between electric and magnetic fields is absent: 


G (6) = 


9 li 

9l2 

9 13 

0 

0 

0 ■ 

9 12 

9 22 

g 23 

0 

0 

0 

9 13 

9 23 

9 33 

0 

0 

0 

0 

0 

0 

9 44 

i 745 

9 46 

0 

0 

0 

9 45 

9 55 

9 56 

0 

0 

0 

9 46 

9 56 

966 . 


(48) 


subject to g n + g 12 + gn = 0, g 2 1 + 022 + 023 = 0, £31 + 032 + 033 = 1, 044 + 045 + 046 = 0, 
045 + 055 + 056 = 0 and £46 + 056 + 066 = — 1. This leaves three free parameters in each 3x3 
block. The parameter selection for each block is then similar to that found for the generalized 
strain energy of compressible elasticity as discussed by Felippa and Militello (1989,1990). 


8 This Lagrangian is given for free space by Lanczos (1970). It is worked out (with scaling errors) 
for a single charge in Yourgrau and Mandelstam (1968) and again for free space in Gelfand and 
Fomin (1963). It is elegantly derived in Finlayson (1972), who attributes it to prior mid-1960s 
work in magnetohydrodynamics referenced therein. Inasmuch as the first edition of Lanczos’s 
book was published in 1949, the associated variational principle is undoubtedly much older. 



Given the relative lack of development of mixed principles in electromagnetics, mechanics 
terminology could perhaps be transliterated to electromagnetodynamics without fear of clash- 
ing with existing names. For example, the Hu-Washizu principle of mechanics is obtained by 
taking <712 = —1, <713 = 922 = 1, others zero, if mechanical stresses <r, strains e and displace- 
ments u axe ordered as independent fields 1, 2 and 3, respectively. Insertion of this pattern 
into the blocks of matrix (48) yields what may be called the “six-field Hu-Washizu principle 
of electromagnetism” if er, e and u are identified with H, B and A for magnetic fields and 
D, E and $ for electric fields, respectively. Note that (47) displays the (negative of the) 
Hu-Washizu pattern for the electric fields, but not for the magnetic fields. 

4. EIGHT-FIELD FUNCTIONALS 

Next we allow the current density J in a conducting medium to be an independent field subject 
to variation. Then Ohm’s law (7) must be adjoined to get a sufficient number of equations; 
in the sequel <7 ^ 0 is assumed (in regions where a — 0 — as in free space — the six-field 
functional must be used). The internal energy density is redefined as follows: 

c -1 H ’I T ' 
c _1 H B 

D 

D* | 

D J 

A J . 

Two additional derived quantities appear in (49): E J = <r -1 J and D -7 = eE J . Furthermore, 
a 3- vector Lagrange multiplier field A with physical dimensions of D, has been adjoined to 
weakly specify Ohm’s law (7). Because both A and J are now unknown terms, term A^J of 
(19) must be moved to the quadratic form and the source density reduces to — p$. 
Relations (23) and (24) become 

’ fid 0 0 0 0 0 0 0 

0 cl 0 000 0 0 

00 cA 000 0 0 

0 0 0 e _1 I 0 0 0 0 

= 0 0 0 010 0 0 

0 0 —j^I 0 0 -V 0 0 

0 0 0 0 0 0 o~ l l 0 

. 0 0 0 0 0 0 0 e -1 I 

c -1 I 0 0 000 0 0] (H 

0 (/ic) _1 I 0 0 0 0 0 0 g 

0 0 '«;c) _1 A 0 0 0 °0 a 

0 0 0 1 0 0 0 0 f) 

0 0 0 0 el 0 0 0 1 £ 

0 0 -J^el 0 0 -eV 0 0 § 

0 0 0 0 0 0 e<r _1 I 0 J 

0 0 0 000 oiJIa 

Transforming (49) via (50) and (51) to independently varied fields it is found that sym- 
metry of the resulting kernel matrix C (8) is satisfied by g t] = g ]t for i,j = 1,...,8. Thus 




cB" ] 
cB 
cB^ 
E d 
E 

E ~ 

. e -1 A , 




<7nl <712! <713! 
<72il 022 I < 723 ! 
<73il < 732 ! < 733 ! 
<74il < 742 ! < 743 ! 
<751 1 <752! <7531 
<761 1 <7621 <7631 
<771 1 <772! <773! 
<781 1 ?82l <7831 


<714! <715! <7161 
< 724 ! <72sl <72el 
<734! <735! <7361 
<744! <745! 0461 

<754 1 <755 1 <7561 
<764! <765 1 <7661 

<774! <775! <777! 
<7841 <78sI <78sI 


<7i7l <7 18 I 
<7271 <7281 
<737! <73gl 

347 I <7 48 I 
< 757 ! Steel 
<7671 <7681 
<777! <7781 
<7871 <7881. 


functional L w and R (S} are completely characterized by the symmetric functional-generating 
matrix 

011 9 12 013 014 015 016 017 018 

022 023 024 025 026 027 028 

033 034 035 036 037 038 

044 045 046 047 048 

055 056 057 058 

066 067 068 

077 078 

symm 088 

The first variation of I (8) = U w - P W may be written 

si<’> = (aemh) vi<i + (aiub) V x| + (q + (ae,«d) vxi 

+ (AD,«S ) VX1 + (k-p,S*) vm + (*-‘M - A,«j) vx _ + (AJ, «) vx . (53) 

where now 

AB = 0 hB h + 0 12 B 4 - 013 B " 1 4- c - 1 ( 0 i 4 E d 4- 0 isE 4- 0 i 6 E * /1 -I- gnE J 4- 0 i 8 « -1 a), (54) 

AH = 0 12 H + 0 22 H B + 0 23 + c( 0 24 D 4- 0250^ 4- 0 26 D* a 4- 027D j + 028 a) , (55) 

Q = V x ( 5l3 H + 0 23 H s 4- 033 ^) 4- ( 0 46 D + g 56 B E 4- g 66 P>* A + 067 D J 4- 068 *) 

4- ec [-J (gi 6 B H 4- 026 B 4- gz 6 B A ) 4- V x ( 0 34 E D 4- 035 E 4- 036 E*^ 4- 0 3i^ J + 038 * _ 1 A) . 

V ' (56) 

AE = c (^ 0 i 4 B h 4- 024 B + 0 34 B^) 4- 0 44 E d 4- 0 4 sE 4- 04 eE* A 4- 0 4 + 04 se _1 A, (57) 

AD = c -1 ( 015 H 4- 025 H fl 4- 03 sH A ) + 0 45 D 4- 0550 ^ 4- 95&P>* A + 057 D 7 4- 0 ssA, ( 08 ) 

K = —V • ( 0 46 D £ + 0 56 D + 066 D* a + 067 D j 4- 07 8 a) - ecV • (gi*B H 4- 0 26 B 4- 0 36 B A ) , 

V (59) 

M = c " 1 (jjtH 4 - 027H fl + 037H /l ) + 0 47 D + 0 57 D £ 4- g 67 B* A 4- 0 77 D J 4- 078 A, (60) 

AJ = C^ 01 8 B H + 028B 4- 038B a ) 4- 0 4 8 E D 4- 05sE 4- 068 E *" 1 4-078<7 _1 J 4-088* - 1 A, (61) 

H:=H"xn= ( 013 H + 0 23 H b 4- 033 H- 4 ) x n. (62) 

D™ = D w ■ n = - ^ 0 46 D + g 56 B E + g 6 6 D* 4 4- 067 D y 4- 0 68 a) • n, (63) 

The multiplier field can be obtained from the Euler equation a~ l M — A = 0 , which 

yields 

A = [ < 7A-C- 1 (017H + 027H fl 4- 037H A )-(0 47 D 4- 057D B -|- 067D <i, - 4 + 077D J )] / 078- (64) 





Now if all fields reduce to the exact ones the preceding equations become 

AB = ($ n + $ 12 + $ 13 )B + (g u + g ls + $ 16 + $ 17 ) C ~ 1 E + $i 8 c _1 A, 

AH = ($ 12 + g 22 + g 23 )fj + ( $ 24 + $25 + 926 + 027 )cD + $ 28 cA, 

Q = ($13 + 922 + $ 33 )V X H + ( 046 + $ 56 -f $ 6a + $ 67 )D + $ 68 A 

+ €C ^($16 + $26 + $ 36 )B + ($34 + $35 -f- $36 + $ 37 )V X E + $ 38 V X e -1 A 
AD = ($14 + $ 24 + $ 34 ) c _1 H + (< 7 44 + $ 45 + g 46 + g 47 )l ) + 

AE = ($15 + $ 25 + $ 35 ) cB + (045 + $55 + $56 + $ 57 )E + $ 5 8 e _1 A, 

K = ~^46 + $56 + $66 + $67) V • D - $ 68 V • A - ec($ 16 + $26 + $36 ) V • B, 

M = C *($17 + $27 + $37 )H + ($ 47 + $ 57 + $ 67 + $ 77 )D + $ 78 A, 

AJ = c($ 18 + $ 28 + $ 38 )B + ($ 4 8 + $ 58 + $ 68 )E + $ 78 < 7 _1 J + g B8 €~ l A, 

H« = H 1 " x n ss ($ 13 + $ 23 + $33 )H x n, 

= D • n = —($46 + $56 + $66 + $67 + $68 )D • n, 

A = [crA ~ C _1 ($i 7 + $ 27 + $ 37 )H - ($47 + $57 + $ 67 + $ 77 )D] /$ 78 . 

Consistency of AH = AB = AE = AD = 0, Q - J = 0, K - p = 0 and AJ = 0 with 
the field equations Mh through C* in (11) requires verification of the 24 conditions 


(65) 


$11 + $12 + $13 = 0 , 

$14 + $15 + $16 + $17 = 0 , 

t-* 

00 

II 

p 

$12 + $22 + $23 = 0 , 

<724 + <725 + <726 + <727 = 0 , 

$ 

od 

II 

o 

<713 + <723 + <733 = 1 * 

<734 + <735 + <736 + <737 = 0 , 

$38 = 0 , 

$14 + $24 + $34 = 0 , 

$44 + $45 + $46 + $47 = 0 , 

o 

II 

ao 

$15 + $25 + $35 = 0 , 

$45 + $55 + $56 + $57 = 0 , 

$58 = 0 , 

$16 + $26 + $38 = 0 , 

$46 + $56 + $66 + $67 = ~ 1 , 

$68 = 0 , 

$17 + $27 + $37 = 0 , 

$47 + $57 + $67 + $77 = 0 , 

$78 = 1 , 

$18 + $28 + $38 = 0 , 

$48 + $58 + $68 = — 1 , 

$88 = 0 . 


( 66 ) 


Conditions (66) also meet the consistency requirements for the weighted boundary terms 
D and H n . The boundary term B {%) has a structure similar to (41) but with D™ redefined 
according to (63). Furthermore, if these constraints are met, the last of (65) shows that the 
Lagrange multiplier field at the exact solution becomes 


A = a A. 


(67) 


But examination of (66) uncovers a contradiction: $ 48 + $ S8 + $ 68 = -1 and $ 48 = $ 58 = 
$68 - 0 are incompatible conditions. Consequently a variational principle of the postulated 
form does not exist in the general time-dependent problem. But in the static case condition 
$68 = 0 is no longer necessary, which allows us to select $ 6t - - 1 , $ 48 = $ 58 = 0 and thus 
satisfy $48 -I- $58 + $68 = -1. This particular choice is further explored below. 




g< 8) = 


( 68 ) 


A Restricted Variational Principle 

As discussed above, the simplest G <8 » that “almost” satisfies all constraints (66) is 

0 0 0 0 0 0 0 O' 

00000 00 0 

00100 00 0 

00000 00 0 

00000 00 0 

0 0 0 0 0 -1 0 -1 

00000 00 1 

00000-11 0 

This choice reduces the general functional to a four-field one, with the volume Lag. rngian 

- ME-) T E- + A(o-‘J - E-) - A T 5 - P*} SV4t, 
J t. Jv k (69) 

which may be otherwise constructed by augmenting (46) with the Lagrange multiplier term 
J _ E* A ). Its Euler equations are 


v x n A - i>* A — a = j, 


V . D* A — V • A = />, A = crA, a 1 J = E 


,*A 


(70) 


Under static conditions the field equations are satisfied because A 0 and V X **“? 

we have a true variational principle. But in the general (dynamic) case and M D are 
satisfied because of the nonvanishing residual terms A - <tA and V A * ^ 

To render (69) into a true dynamic variational principle requires the use of complicated 
tech^^ such as inclusion of the adjoint or “image" system (Hammond 1981) or the method 
of vanishing parameters (Vujanovic and Jones 1989). If one is content, however, with a 
restricted variational principle in the sense of Rosen (1953), the above functional is augmented 
with compensating terms: 

Lr( A,<M,A) = L(A,$, J,A) + A r A 0 + $ V ■ A 0 . 0 1 ) 

Here field A„ is kept “frozen” in the variation process, upon which one sets A, -X .JU1 
dynamic field equations are thereby recovered. As pointed out by Finlayso ( -) 

nique is equivalent to the use of Galerkin’s method for the residual terms, with A. a. test 
function. Note also that the second correction term is not necessary if one normalizes the 
divergence of that test function with the Coulomb-like gauge V • A 0 - 0. 

Eliminating p 

In functionals (69) and (71) the electric charge density t> is regarded as a P^nbed 
function of space and time. Such knowledge is possible under certam conditions, some °*J“ 
are noted below. For more general situations p is not known a pnor, and must be 
other fields through Maxwell’s equation Mp: p = V D. In turn D may be expressed m terms 


* If o varies smoothly in space, the divergence-free condition V • A = 0 has “ ' “ 

an adjunct of the gauge V • A = 0; otherwise integration by parts is required to transform 
that residual into boundary terms. That transformation is mandatory if <r jumps across some 

material interface. 

9 The last residual term becomes if <r is spatially uniform and the Lorentz g^ge (9) is 

chosen to normalize V • A. But generally <7 varies in space when different media are considered. 



of E through the institutive equation C, and E either in terms of $ through the 
definition P E , or of J if Ohm’s law is adjoined. S potential 

^ :Ti y / weaUy 

functionals. ’ ^ h ^ 15 gh (pomtwise ) imposed, p is ehminated from the 

F J r brevity we outline here only pointwise elimination of p in favor of $ or J. That is 
these^two casei'yieliT " ' ~ ^ In ‘ esratin * the s °““ ~P* by parts for 


{p* ,$)v - (eV$, V$) v + [5,eV$ • n] s = (D*,E*V - [$,-D*J s , 
~(p J ,$)v = V$) K + [$, e <7 _1 J. n J 5 = (D*,E y V - [$,i^]s. 


(72) 

(73) 


Replacing these into (71) produces two restricted functionals L R ( A $ J A) Their <*„*; 

counterparts are further developed below. ’ ’ ,A '* Th statlc 

Functionals for Electromagnetostatics 

numb ° 3 Tfi ' M 7 ° f finit ® element approximations it is desirable to reduce the 

number of fields to be discretized. For dynamic problems, the four-field functional (71) and 

s p - less modifications outhned above, appear to be the simplest ones. For static problems 
owever, one may attempt further reductions subject to consistency verification. 

If the electric source p is prescribed, 10 setting A = a A and J = <rE* = -crV$ in f69) 
and eliminating the time dependence yields the two-field functional ' 

L (^) = J v {^-HB A ) T B A ~le(V^) T V^ + aA T V^- p ^ dV. (74) 

Its first variation 6L( A, $) is 

(vxH" 4 — J*, <Ja)^+(v-D*— V-(< 7 A )— p, [H^xn, 5 a]^+ [(D— o-Aj-n, (75) 

whi^ provides the correct Euler equations if one enforces the gauge V • (<tA) = 0 instead of 
adjoined to (74) ^ " ***** ‘ ^ a multiplier field ‘ MO ^ to be 

Pointwise elimination of p in favor of $ via (72) or of J via (73) yields two variants: 


£(A,$)_^|l /x 1 (B A ) r B i4 -(- ^€( V$) r V$ + <tA T V$J dV - J $D* dS. 
£(A, *, J) = ^ { $fT'(B A fB A e(V*) *V‘ J - ± V$) + ^V*} dV - J 


(76) 


$D J n dS. (77) 

Eliminating $ 

For antlC ^ pated ext ensions to superconductivity it would be desirable to have only A and J 
as apnmary fields because the electric potential $ is of little interest. This has motivated us to 
study whether static princip les with * replaced iu favor of J are pomible. Such a“^ 

10 A . . 

n importanl situation where this assumption holds is that of a homogeneous conductor Under 
static conditions the charge continuity equation V • J + p = 0 reduces to V • J - (1 R ’ d 
and . are uniform this implies p = V • («,-,) = 0 th^ghoSt ^the ZSZ € 


is possible only if p = 0 in V because pi is not otherwise eliminable (the potential 4 t^tot 
be strongly expressed in terms of J). The following functionals are therefore restricted to 
homogenous inductors (see footnote 10) or geometries where V • D vanishes identicaUy, ^ 
in the axisymmetric problem of Sections 6-6. Thus assuming p = 0 and replacing E - V 
by <t - 1 J in (74) yields the deceptively simple form 

£(A,J) = )){ip- , (BYB' l -l t o- ! j r 3-A T j} SV. (78) 

Its first variation is 

6L( A, J) = (V x H- 1 - J, < A) v - J + A, «3) y + [h* x n, S a] s - (79) 

The second Euler equation ta~ 2 J + A = 0, which replaces V D - 0, is generally incorrect, 
this is due to the elimination of V*. which inhibits the necessary integration by parts. The 
disappearance of the potential * has also the effect of forfeiting the automatic verification 
of the homogeneous Maxwell equation V x E = 0. These deficiencies can be corrected by 
augmenting (78) with a 3-vector Lagrangian multiplier field k to get 

L(A, J,«) = J v {|p- 1 (B A ) T B' 1 - b<r-’J T 3 - A T 3 + * r V x E'} dV. (80) 

The first variation becomes 

8L( A, J, k) = (V x H a - j) v - (ea~ 2 J + A - V x 3c, 6 j) y 
+ (V x E j ,8k) v + [ rA * n ’ 8 *\ s + [(* x 6 3 ] s’ 

which has the correct Euler equations (recall that V • D = 0 is assumed a ? ™n). For finite 
element work it is convenient to integrate (80) by parts to lower the variational index of 


(81) 


zero: 


L(A,J,-c) = / (i f .-‘(B'‘) T B J -(ic<7- 2 3 + A-Vxic) r 3jdV + /(Kxn) , 'E J d5. 

JV l (82) 


5. FINITE ELEMENT DISCRETIZATION 

In this section we illustrate the application of some of the preceding static functionals 
to construct finite element models for treating one-dimensional axisymmetric problems with 
unknown current distribution. These problems involve cylindrical conductors i with hoUow or 
solid circular cross sections carrying current axially, such as the one illustrated m Figur . 
is convenient to use a cylindrical coordinate system (r,0. z) as illustrated in that Figure. 

The material properties may only vary radially: 


fi = /i(r), e = e(r), o = cr(r). 

The unknown fields have the following structure and spatial dependencies: 


(83) 


A = 




Figure 1. Infinite wire of circular cross section carrying total current / 
referred to a cylindrical coordinate system r, 0,z. 
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£(^ t ,$) = 27Tff I 
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l dr ) 1 
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(86) 


HA z ,J z , K9 ) = 2irH r _(j_j , A ld(r Ke )\ \ 

Jr, \ 2H l dr J \2„‘ J * + A '~ JJ.Jr dr+2*HK,r.J, 


(87) 


Tie boundary integral in (87) is taken only over the cylinder faces at r = r, and r = r 
because the integrals over the cross sections at z = ±H/2 cancel out. J 

Discretization 

,, m J° i tr “ t . the ““-dimensional Asymmetric problem it is sufficient to use two- node “line” 
etanents that represent rectangular tori of common .-dimension H. Her. we co^sMer 1 
mdividual element .den.ified by superscript «. The two element end nodes are S b “ 

length iTl* rd‘Th rad ‘ al CO °, rdinateS r > “ d r b respectively. The element radial 

g n is X/ — Tj r- and the mean radius is r e — —f-r e _l_ — c \ c-pr. , . . 

are taken tn * , , m ~ ? { > + r i>- Tlle material properties (83) 

aken to be constant over each element and are denoted by /i e , e* and <r e . ^ 


In functionals (86) and (87) fields $, A z and k$ appear with variational index 1 that 
requires C° continuity, and consequently are interpolated linearly over the element: 

** = = 4*7 *71 { } . K = na; = [JVJ N'} | < | , «} = N«$ = [Nt Nj] | *|. 

(88)'' 

Here row vector N (with element superscript suppressed for simplicity) contains the linear- 
in-r finite element shape functions JV* = (r‘ - r)/L e and NJ = (r - rf)/£*. On the other 
hand J z in functional (87) has variational index 0 thus admitting C~ l continuity, and will be 
approximated as a constant (step) function J z over the element. 

Substituting the fini te element assumptions into (86)— (87) and t aki ng variations with 
respect to the nodal values yields the following element contributions: 
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(90) 


in which 


K’ aa =2 *h£ {„•)'' (fgy [_} 


-1 
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9 r e _ I T e 


= 2t xH f 1 € e N T N r dr = 2*Ht*l t \ 
r r i /3N\ T 

= 2irH j eV e ( ~ J N r dr = 2xHe e v e ± 

K\j = 2-kH f 1 N T rdr = 2* HU ± [rj, - \U r‘ m + \U) = (K ' JA f , 

J 7*5 
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~ r m + \L e J 
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= (k % A y 


K'j k = 2ttH 


Jr‘ r 


d(r N) 
dr 


r dr — 2 ttH [ — r* r<] = (K 


(91) 

The finite element equations may now be assembled in the usual manner and result in the 
master stiffness equations 

Kv = p, (92) 

where, using terminology and notation analogous to structural mechanics, K denotes the 
master stiffness matrix, v the array of degrees of freedom, and p the, corresponding force 
vector. More details as regards the structure of this system and the application of boundary 
and global- constraint conditions are given below for the finite element model based on the 
functional (87). 

Finite Element Model and Boundary Conditions 

Element models (89) and (90) have the same number (four) of end-node degrees of free- 
dom. The second one also has an internal degree of freedom J \ . In the sequel we shall 
consider only model (90) formulated from the L(A Z , functional because imposition of 

the total-current constraint condition is easier. 



For this model the axisymmetric “line” elements may be regarded as having four nodes: 

1. The two element end nodes i and j at which A z and k e are assigned. 

2. One interior node at the element center where J* is assigned. 

3. A “global” node shared by ail conducting elements where the Lagrange multiplier \ 9 
defined below is assigned. This is conventionally placed at the outer end of the mesh. 
The magnetic potential A z (r) is determined up to an arbitrary constant. Conventionally 

we fix that constant by setting A z = 0 on the outermost node of the mesh, located in free space. 
The “reaction force” corresponding to this constraint can be readily worked out (Schuler and 
Felippa 1990) to be where I is the toted current flowing through the wire. [This “force” 
is in fact obtained from Ampere’s law by integrating the flux H over a circular path on the 
wire boundary.] This boundary term can be given two different physical interpretations. The 
first interpretation has a current I in the conductor and a field — Hj, at the boundary. H* is 
generated by the current within the conductor. The second interpretation has zero current 
in the conductor and an external applied field equal to H& at the boundary. Distinguishing 
between these two interpretations is crucial in superconductivity modeling (Schuler 1992) so 
as to start from the physically correct state in nonlinear path continuation procedures. 

For normal (nonsuperconducting) conductors the first interpretation is the most practi- 
cally important one. To impose the current conservation constraint, I — Jp J r * dT = 0, where 
r is the wire cross section area, the functional (88) is augmented by that constraint weighted 
by a Lagrange multiplier A 9 . The discretized form of that term is 


^ 9 



(93) 


where N ct is the number of conducting elements, and T t = 27rr^L e is the normal- to-z element 
cross section. The Lagrange multiplier freedom X g is assigned to a “global” node shared by 
all elements as discussed above. 

The complete degree of freedom vector v has the following structure: 


V = { A Zl A Zl 




'*1 


'z 2 


'z* e *01 *02 


*0A 




(94) 


where N n = N e + 1 is the total number of nodes and N cn — N ce + 1 the number of “conducting 
nodes” (nodes attached to conducting elements). The associated force vector p in (92) has 
all zero entries except for the last one (that corresponding to X g ) which is — I to enforce the 
total current constraint. The last row and column of K are modified to implement the bilinear 
terms in (93). 

Finally, an essential boundary condition on k# can be obtained in the following manner. 
The second Euler equation in (87) yields for the exact solution 


1 d(rKg) 
r dr 


— ecr~ 2 J z + <r~ l A z . 


(95) 


Integration of this differential equation shows that ko must have the form k» = rk(r), where 
k(r) is regular at the origin. It follows that /c#(0) = 0. Consequently the value «:<?, at a node 
on the z-axis must be prescribed to be zero. 


Test Problems 

The formulation presented in the previous subsection has been applied to two one- 
dimensional axisymmetric test problems discussed below. Both problems involve conduction 
along the solid wire of circular cross section depicted in Figure 1. 

All elements have a unit thickness H = 1 in the z direction. The finite element mesh is 
terminated at a finite size outside the wire. For both test problems, the outer radial end of 



Radial distance r 


Figure 2. Current density J z versus radial distance r for equal-conductivity test case. 


the mesh is defined as the truncation radius r = Rx. The outer radial end of the conductor’s 
mesh is defined as the wire radius r = R w i re . Because current is only carried in the conductor, 
the J\ freedoms between R wtre and Rx are constrained to be zero. 

The components of the element stiffness matrix corresponding to the conducting elements 
(1 to N ce ) are calculated and merged into the master stiffness matrix. The components for 
the free-space elements are next determined and merged. The total-current constraint (93) is 
imposed on the master stiffness and the load vector. Finally, essential boundary conditions 
on individual node values axe set as previously explained. The master equations modified for 
B.C. are processed by a standard symmetric skyline solver, which returns the computed v 
vector. 

The physical quantities of interest are not A\. , but the magnetic field Be and the current 
density J z . According to (84) Be = — (<9N/<9r)A!. Since A\ is linearly interpolated over 
the element, only a mean value B# can be recovered with that formula. Plots for Be are 
not included here because of space constraints, but may be found in Schuler (1992). Instead, 
the results for J z are presented to illustrate the accuracy that may be obtained by using the 
variational approach. 

The ability of the potential-based variational principles to accurately model discontinuities 
in the B field at a conductor/free space interface has already been established for one- and 
two-dimensional problems in previous work by Schuler and Felippa (1990,1991). Consequently 
in both test problems fi and t Eire set to unity in the wire and free space. In the first test 
problem the conductivity a e is set to one for all wire elements. In the second problem this is 
set to the element number, i.e. a e = e. Since the wire elements have equal radial width, this 
admittedly artificial assumption models a “layered” wire with conductivity varying in linear 
stepwise fashion from r = 0 to r = R W tre ■ 
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Figure 3. Current density J x versus radial distance r for conductivity set equal to element index. 
Discussion of Test Results 

The first test problem is identical to that reported in Schuler and Felippa (1990), where 
J z weis assumed a priori to be uniform. As shown in Figure 1, it consists of a wire conductor of 
radius J?u>»re transporting a total current I equal to one ampere in the z direction. The radial 
direction is discretized with N w i re elements inside the wire and N f rtt elements outside the 
wire in free space. The mesh is truncated at a “truncation radius” R?, where A z = 0. Other 
boundary conditions are set as previously stated. The conductivity a is unity everywhere. 

The results obtained with Rt = 2R w j rt , N w i rt = N free = 20 for the potentials and B$ 
matched those generated by the prescribed-current potential-based finite elements (Schuler 
and Felippa 1990). Figure 2 shows the analytical and computed solutions for the current 
density J z . The computed results differ from the exact uniform current distribution by less 
than 10~ 6 , thus providing a check on the element calculations. 

The second problem is identical to the first one in all respects except that cr e = e for 
e = 1, . . . , N f rtt . The exact current distribution is an element-driven step function. Figure 3 
shows the exact and computed solutions for J z . The results were as accurate as those reported 
in the first problem. The computed potentials and magnetic fields (not shown here) displayed 
the same order of accuracy obtained for the prescribed-current finite elements in previous 
work by Schrler and Felippa (1990,1991). 

6. CONCLUSIONS 

Two families of parametrized functionals for linear electromagnetodynamics have been 
presented. The six-field family is applicable to problems where the current density is given, 
and is valid in static and dynamic situations. The eight-field family allows the current density 
to be an independent field while bringing in an associated Lagrangian multiplier field A = cr A. 
This family yields true variational principles for time- independent problems. In the dynamic 
case it supplies a basis for the development of restricted variational principles from which 
Galerkin approximations can be constructed. In the static case it supplies a framework for 




obtaining “problem customized” principles with reduced number of varied fields. 

Test results show that it is possible to extend our previous finite element formulations to 
cover the situation where the current distribution is not known a priori. This is encouraging 
for its application to superconductivity. The static functionals analyzed in some detail sire 
computationally similar in the one-dimensional axisymmetric idealization. The functional (87) 
permits, however, a simpler implementation of a total-current conservation constraint. For 
two- and three-dimensional problems, however, functionals containing $ are computationally 
superior because of their more general applicability to cases where the electric charge density 
does not vanish throughout the conductor volume. 

We finally comment on the feasibility of extending these variational principles in the 
following directions. 

Anisotropy. The principles are not affected in any way by making /x, e and a tensors as long 
as they do not depend on time (or frequency). Location dependence per se does not introduce 
difficulties. 

Ferromagnetism. If /x is a unique nonlinear function of the magnetic intensity, extension 
is straightforward as long as /x > 0; cf. page 61 of Hammond (1981). If path dependence 
(hysteretic) effects are considered, only rate forms can be constructed. 

Mechanical Motion. To account for motion of the reference frame, the Maxwell equations 
have to be modified for velocity effects. A hierarchy of corrections may be built depending 
on the relative speed of these motions with respect to the light. For many practical problems 
in electric m achin ery the first-order correction, which retains Galilean frames and ignores 
relativistic effects, is sufficient. 

Interaction with Mechanical and Thermal Fields. Including effects such as piezoelectricity, 
magnetostrictivy and thermomagnetics [as described, for example, in Parkus (1979)] into the 
linear theory require expanding the number of field variables and equations, much in the same 
manner as one passes from six-field to eight-field functionals. The complexity of the systems, 
however, may make use of symbolic computations a necessity. 11 

Superconductivity. As noted in the Introduction, this is our primary goal. The principles (17) 
of classical electromagnetics may be extended to cover superconductivity by appending a term 

Gi . 

r = U-P + B + G = L + B + G (96) 

This additional term, which is highly nonlinear and vanishes on normal-conducting volume 
portions, depends on the superconducting model. The application of the functionals associated 
with the London and Ginsburg- Landau models for finite element analysis of Type I and II 
superconductors has been been investigated by Schuler (1992). The Ginsburg- Landau model 
requires the introduction of an additional complex- valued field which models quantum- 
mechanics effects, see t.g. Kittel (1986) or Tinkham (19/5). Interaction with temperature and 
accounting for phase changes have been important objectives of our superconductor simulation. 
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Schuler, James Joseph (Ph.D., Aerospace Engineering Sciences) 

Finite Element Analysis of 

Time-Independent Superconductivity 
Dissertation directed by Professor Carlos A. Felippa 

The focus of the thesis research is the development of electromag- 
netic (EM) finite elements based upon a generalized four-potential varia- 
tional principle. The final goal of this research is to formulate, develop and 
validate finite element models that can accurately capture electromagnetic, 
thermal and material phase changes in a superconductor. The use of the 
four-potential variational principle allows for downstream coupling of elec- 
tromagnetic fields with the thermal, mechanical and quantum effects exhib- 
ited by superconducting materials. The use of variational methods to model 
an electromagnetic system allows for a greater range of applications than 
just the superconducting problem. In fact, the four-potential variational 
principle can be used to solve a broader range of EM problems than any of 
the currently available formulations. It also reduces the number of indepen- 
dent variables from six to four while easily dealing with conductor/insulator 
interfaces. 

This methodology has been applied to a range of EM field problems. 

Seven problems are presented here. These applications show the power of the 
four-potential variational method, when augmented by Lagrange multiplier 
weighted constraint equations, to solve diverse EM field problems. All of the 

finite element models predict EM quantities exceptionally well and match 
the expected physical behavior. 

The results obtained with these finite element models display in 



IV 


previously unseen detail the physics of the superconducting charge carriers 
within the boundary layer of a Ginzburg-Landau superconductor. These 
results axe compaxed to the physics of a low viscosity fluid problem. From 
this analogy, a physical axgument is advanced about superconductors. This 
argument is that the small resistance that exists within a superconductor 
is similar in origin to the viscous effects of fluids and can be attributed to 
collisions that occur between moving and static charge carriers. 
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CHAPTER I 


INTRODUCTION 

i- 1 MOTIVAT ION AND BACKGROUND 

The computer simulation of electromagnetic (EM) field problems 
has received considerable attention during the past thirty years. This is a 
direct result of the realization among scientists and engineers that the com- 
puter could be exploited to solve EM problems that had previously been too 
complex or cumbersome to be treated by established analytical techniques. 
Before the advent of computer technology, solutions of EM field problems 
were often limited to relatively simple problems or geometries. Generally, 
the intractability of standard analytical techniques and the nonlinearity of 
solutions of EM problems is largely a result of the coupling between electric 
and magnetic fields. With the aid of computers, the inherent nonlinearity 
of EM field problems became more manageable and more complex EM sys- 
tems problems could be and were solved. When problem solving capabilities 
advanced, so did computer and electrical engineering technology. These new 
technologies were then increasingly used in aerospace applications. These 
applications were in control and guidance as well as more efficient servos, mo- 
tors, generators and electronic sensing and surveillance gear. More recently, 
high- temperature superconductors (HTS) have been discovered. These com- 
posite materials are presently the subject of intensive experimental research 
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and are expected to have a major impact in space propulsion, digital com- 
puting, power systems and communications in the next century. 

The present work is part of a research program for the numerical 
simulation of EM/mechanical systems that involve superconductors. The 
point of departure from previous works is the use of finite elements based 
upon a four-potential variational principle to predict desired EM quantities. 

The simulation involves the interaction of the following four compo- 
nents: 

(1) Thermal Fields: temperature and heat fluxes. 

(2) Electromagnetic Fields: electric and magnetic field strengths and fluxes, 
currents and charges. 

(3) Quantum Mechanics: the constitutive behavior of the superconducting 
system is governed by quantum mechanical effects. Particularly impor- 
tant is the superconducting phase change, governed by phenomena at 
the quantum level, and triggered by thermal, mechanical and EM field 
energy levels. 

All three components can be treated by the finite element method. 
This treatment produces the spatial discretization of the continuum into 
mechanical, thermal, quantum mechanical and electromagnetic meshes of a 
finite number of degrees of freedom. The finite element discretization may 
be developed in two ways: 

(1) Simultaneous Treatment. The whole problem is treated as an indivisi- 
ble whole. The four meshes noted above become tightly coupled, with 


common nodes and elements. 
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(2) Staged Treatment. The mechanical, thermal and electromagnetic com- 
ponents of the problem are treated separately. Finite element meshes 
for these components may be developed separately. Coupling effects 
are viewed as information that has to be transferred between these four 
meshes. 

The present research follows the staged treatment. More specifically, 
we develop finite element models for the fields in isolation, and then treat 
coupling effects as interaction forces between these models. This “divide 
and conquer” strategy is ingrained in the partitioned treatment of coupled 
problems [2,3], which offers significant advantages in terms of computational 
efficiency and software modularity. Another advantage relates to the way 
research into complex problems can be made more productive. It centers 
on the observation that some aspects of the problem are either better un- 
derstood or less physically relevant than others. These aspects may then be 
temporarily left alone while efforts are concentrated on the less developed 
and/or more physically important aspects. The staged treatment is better 
suited to this approach. Of the four components listed previously, the last 
two axe less developed in a modeling and computational sense. 

Mechanical elements for this research have been derived using general 
variational principles that decouple the element boundary from the interior, 
thus providing efficient ways to work out coupling with non-mechanical fields. 
The point of departure was the previous research into the free-formulation 
variational principles presented by Felippa [4]. A more general formulation 
for the mechanical elements, which includes the assumed natural deviatoric 
strain formulation was established and reported in Refs. [5, 6, 7, 8]. New repre- 
sentations of thermal fields have not been addressed as standard formulations 
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are considered adequate for the coupled-field phases of this research. How- 
ever, research in thermomechanical interactions supported by this program 
has resulted in the construction of robust and efficient staggered solution 
procedures [9]. 

The development of EM finite elements to date has not received the 
same degree of attention given to mechanical and thermal elements. Part of 
the reason is the widespread use of analytical and semianalytical methods 
in electrical engineering. These methods have been highly refined for spe- 
cialized but important problems such as circuits and wave guides. Thus the 
advantages of finite elements in terms of generality have not been enough to 
counterweight established techniques. Much of the EM finite element work to 
date has been done in England and is well described in the surveys by Davies 
[10] and Trowbridge [11]. The general impression conveyed by these surveys 
is one of an unsettled subject, reminiscent of the early period (1960-1970) 
of finite elements in structural mechanics. A great number of formulations 
that combine flux, intensity, and scalar potentials are described with the 
recommended choice varying according to the application, medium involved 
(polarizable, dielectric, semiconductors, etc.), number of spatial dimensions, 
time- dependent characteristics (static, quasi-static, harmonic, or transient), 
as well as other factors of lesser importance. The possibility of a general 
variational formulation has not been recognized. 
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1.2 REVIEW OF EXISTING TECHNIQUES 

As mentioned previously, the computer simulation and modeling of 
EM field problems is presently an unsettled subject especially in nonlinear 
problems. A rich variety of mathematical techniques have been used to solve 
these complex problems. Some of these techniques involve using integral 
transforms to find a solution, while other techniques yield solutions to the 
integral or differential EM field equations that contain Bessel, Airy, Gamma, 
and Legendre functions [12]. A common method of computer implementa- 
tion involves taking the analytical representation of the solution to a problem 
and making a numerical approximation to that solution. In time-independent 
problems the implementation may take the form of discretizing the analytical 
differential or integral EM field equations over the system’s spatial dimen- 
sions [13]. Linear time-dependent problems may be transformed to Fourier 
or Laplace space, solved, and then converted back to the real time domain. 
The computer is simply used to make good approximations to an integral 
which is an analytical solution to the problem, but for which no closed form 
solution of the integral exists. While these methods are effective for specific 
problems, they are rarely of a general enough nature that they can be used 
on most EM system problems. A recognition of the interest in and the need 
for more generalized computer solution techniques for EM field problems led 
to the first COMPUMAG series of conferences in 1976 [11, p. 506]. 

Prior to this time, few finite element techniques existed but the power 
of more generalized schemes were demonstrated in finite difference codings 
that used the differential forms of Maxwell’s field equations. Usually the 
conventional field quantities were replaced by potentials and the resultant 
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EM field equations were discretized over space [14, pp. 101-105;15,16]. Fi- 
nite difference schemes generally are not as amenable to Neumann boundary 
conditions or an easy change to a higher variational order as finite element 
methods. Because of the prevelance of Neumann boundary conditions in EM 
field problems, especially when conventional field quantities axe replaced by 
a potential formulation, as well as difficulties associated with a change in the 
variational order of variables when finite difference methods axe used, finite 
difference techniques axe rarely used for the spatial discretization of EM field 
equations. 

Maxwell’s EM field equations may be recast in a potential formula- 
tion. This reduces the number of independent variables for the electric field 
E from three to one through the substitution E = — V<£, where $ is the 
electrostatic potential. The reformulation of the magnetic field is more com- 
plicated. In free space, the magnetic field B can be defined as the negative 
gradient of the magnetostatic potential <p (i.e., B= — Vy?). This substitu- 
tion reduces the number of independent variables from three to one for the 
magnetic field but this potential is neither single valued nor defined in a 
conductor that is carrying a steady current [14, p.139]. Another reformu- 
lation substitutes the curl of the magnetic vector potential A for B (i.e., 
V x A = B). Although this formulation does not reduce the number of inde- 
pendent variables in an EM field problem, it does require that the solution 
of A be C° continuous across material interfaces, thus simplifying finite ele- 
ment. development. Formulations that use the B field as a primary variable 
are not required to be C° continuous across material boundaries. In spite 
of the difficulties presented by a discontinuous variable, the majority of EM 
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field finite element formulations to date are based on the original EM fields, 
e.g., see Refs. [17,18]. 

Some researchers have also experimented with magnetic vector po- 
tential based finite elements [11]. These formulations use a Galerkin weighted 
residual method applied to the strong form of the EM field equations. The 
drawback with this approach is that the uniqueness of a numerical solution 
is questionable because the divergence of A is not specified. A variational 
approach based upon A can easily overcome this difficulty by specifying a 
function or gauge for the divergence of A, weighting it by a Lagrangian mul- 
tiplier, and augmenting it to the energy functional of the EM system. The 
only requirement on the choice of gauge is that the Euler equations of the 
weighted gauge choice equal zero. Another statement of this requirement is 
that the augmented energy functional should differ from the EM field en- 
ergy functional by a constant [19, p. 36]. In fact, by an appropriate use 
of the Lorentz gauge, the Lagrangian, or energy functional, of the EM field 
equations can be used to perform a canonical transformation to produce the 
Hamiltonian of the system [20, pp. 72-91]. The only EM finite elements 
that use the approach of energy functionals augmented by a weighted gauge 
equation axe the ones presented in this work. 

As mentioned on the previous page, the magnetic scalar potential 
can be used to calculate the B field in free space and reduce the number of 
independent variables from three to one. To increase computational speed 
and reduce memory allocation, Trowbridge [11] has coupled A \vith <p to 
produce a new independent variable vector quantity R. R requires that three 
variables be solved in a conducting media and only one variable be solved in 
free space. This method has drawbacks, specifically that R and are not 
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unique, and that in the interior of conductors cancellation problems arise 
that can give erroneous values for B [11, pp. 521-525]. 

To model EM fields in a superconductor, another field variable must 
be included: the wave order parameter ip. This function can be complex and 
the absolute value of ip times its complex conjugate (\ipip*\ = \ip\ 2 ) is defined 
as the number density of superconducting electron pairs. This new variable 
accounts for the quantum mechanical effects that appear in the interior of a 
superconductor. These quantum effects change the value of the B field and 
current density vector j within a superconductor. 

A widely used mathematical model that describes quantum and EM 
interactions within a superconductor are the Ginzburg- Landau equations [21, 
p. 104] . These equations reduce to Maxwell’s equations, the same equa- 
tions that govern EM fields in normal conductors and in vacuum. The 
Ginzburg- Landau equations are derived using variational principles and re- 
quire a unique gauge choice to ensure that a superconducting current can 
only exist in a conductor as physics demands. The gauge choice used in the 
present work is called the London gauge and is equivalent to the Lorentz 
gauge for magnetostatic problems. The Ginzburg-Landau equations also 
contain A explicitly as well as the vector curl of A. To model superconduc- 
tors numerically, the optimal choice of independent variables is to use A. 
The use of a field based formulation requires the numerical integration of 
B to remove terms in the Ginzburg-Landau equations that contain A. This 
integration can easily become the source of additional numerical error, an 
error that is not present when the choice of independent variable is A. 

A finite difference formulation of the Ginzburg-Landau equations has 
been developed that producs reasonable results [15,16]. The formulation uses 
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A as a primary variable, but thermal effects are neglected when this model is 
in the normal state. This formulation also suffers from the previously men- 
tioned drawbacks of finite difference methods in the treatment of arbitrary 
geometries. 

1.3 THESIS CONTENT. 

The objective of this thesis is to develop EM finite elements for type I 
and II superconductors based upon a gauged four-potential variational prin- 
ciple. At present, the physics of high temperature superconductors (HTS) are 
not well enough understood to permit the development of an adequate math- 
ematical model. The last elements developed in this work include thermal 
coupling, but are magnetostatic. This restriction is motivated by the fact 
that the time-independent problem exhibits strong nonlinearities; further- 
more, no completely satisfactory mathematical model has been developed 
for the time- dependent case [21, p. 273]. The highly nonlinear nature of 
the problem is the result of a boundary layer effect exhibited at a supercon- 
ductor/normal conductor or superconductor/ vacuum interface. Extremely 
strong gradients of the independent variables ip, A, B, and j are present in 
this regime. These gradients bring about serious numerical difficulties, the 
most important ones being a highly ill-conditioned system of incremental 
equations and the need for specialized mesh discretization. The final super- 
conducting finite element developed is of a general enough nature that it 
works equally well in both the boundary layer and the bulk of the super- 
conductor. Unlike the previously mentioned field based formulations, this 
element requires no special treatment for material interfaces, in particular, 
the superconductor /vacuum interface. 
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The derivation of all of the EM finite elements in this thesis axe based 
upon a four-potential variational formulation that uses the four-potential as 
the primary variable. The electric field is represented by a scalar potential 
and the magnetic field by a vector potential. When the superconductor is 
modeled, the electric field scalar potential is dropped, because it does not 
couple with the magnetic field in the magnetostatic case. The modulus and 
phase of xf> axe then added as new independent variables. The formulation of 
the four-potential variational principle proceeds along lines previously devel- 
oped for the acoustic fluid problem [22,23]. The appropriate gauge normal- 
ization is incorporated in the variational (weak) form through the adjunction 
of a Lagrange multiplier field. 

The main advantages of developing finite elements using a potential 
based variational formulation in contrast to using existing EM numerical 
techniques axe summarized as follows. 

(1) Interface discontinuities are automatically taken care of without any 
special intervention. 

(2) No approximations axe invoked a priori since the general Maxwell equa- 
tions are used. 

(3) The number of degrees of freedom per finite element node is kept modest 
as the problem dimensionality increases. 

(4) Higher order and hybrid elements axe more easily accomodated. 

(5) The Ginzburg-Landau equations naturally possess A as an independent 
variable; possibilities for errors from an additional numerical integration 
axe removed. 

(6) A generalized formulation that posesses a broad range of applicability. 
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REMARK 1.3.1 

An interesting byproduct of this formulation is that with minor modifications, it 
can be used to describe the physics of a superfluid. See Ref. [20], pp. 152-158. 

1.3.1 FINITE ELEMENTS. 

A total of eight finite elements were developed in the course of the 
the author’s research. Seven of these are based upon the four-potential varia- 
tional principle, and the last is a thermal conduction element developed from 
a different variational principle according to Ref. [24]. They are in order of 
development: 

(1) a one-dimensional Coupled Linear Electric and Magnetic field (CLEM1D) 
finite element 

(2) a two-dimensional axisymmetric Coupled Linear Electric and Magnetic 
field (CLEM2D) finite element 

(3) a one-dimensional Coupled Linear Electric and Magnetic field INFinite 
(CLEMINF) finite element 

(4) a one-dimensional CUrrent Predicting Linear Electromagnetic (CU- 
PLE1D) finite element 

(5) a one-dimensional Superconducting Thermal, Electromagnetic and Phase 
coupled (STEP1D) finite element 

(6) a one- dimensional Superconducting ThErmAl, and eLectromagnetic 
field (STEAL1D) finite element 

(7) a one-dimensional LINear Thermal conduction (LINT1D) finite element 

(8) a one-dimensional Linear Electromagnetic and Thermally coupled (LET1D) 
finite element 
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Elements (1), (2) and (3) predict only electric and magnetic fields. Element 
(3) was developed as a term project, but has limited practical usage except 
for the development of an EM finite element that is time-dependent. Ele- 
ments (4), (5), (6), and (8) can predict EM fields, but also have the ability 
to predict the current density distribution, j, given the scalar input I, the 
total current. Element (6) is not presented here, because it can easily be 
derived from element (5) by constraining the variable \ip\ to be a constant. 
This formulation is known as the the London formulation for superconduc- 
tors. This element was developed solely for the purpose of troubleshooting 
element(5) [25]. Element (5) also predicts the quantum mechanical quantity 
\ip\. It also contains two thermally dependent material parameters. These 
two parameters couple the superconductor to thermal fields. Element (7) 
was constructed to predict the temperature distribution within the conduc- 
tor. Element(8) can predict j and EM fields, but is coupled to thermal fields 

by the electrical resistivity, u. 

REMARK 1.3.2 

Appropriate changes to the Ginzburg-Landau theory and finite element formulation 
for the construction of element (6) are listed in this thesis. Results for (6) are 
deleted as they are not as accurate as the results obtained from the STEP1D finite 
element which is based upon the complete Ginzburg-Landau theory where ip is 
allowed to vary. 


1.3.2 DISSERTATION OUTLINE. 

The dissertation is organized as follows. Chapter II is devoted to 
a review of basic EM theory, and the development of four-potential theory. 
Variational functionals for two cases where the current density vector j is 
known are also discussed. Chapter III is devoted to the development of vari- 
ational functionals for conductors where j is undetermined. In this chapter, 
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functionals for the normal and superconducting states of a conductor are pre- 
sented. Chapter IV introduces the variational functionals necessary for the 
time-independent heat conduction and convection problems. Some general- 
ized solutions for one- dimensional conductors axe also presented here. This 
chapter also includes formulas that express the values of a conductor’s EM 
material properties as a function of the temperature T . Accurate numerical 
approximations for the values of these material properties are also developed. 

The first four chapters outlined above comprise the first step in the 
development of EM finite elements that can model the quantum and ther- 
mal effects that appear within a superconducting material. The main goal of 
these chapters is to develop variational functionals that are later discretized 
to produce finite elements. These finite elements axe then used to analyze the 
thermal, quantum and electromagnetic properties of a conductor for some 
specific EM field problems. The following seven chapters axe devoted to de- 
veloping finite elements and solving those specific EM field problems. Where 
an analytical solution to the field problem exists, it is presented in that chap- 
ter. If special numerical procedures are necessary for the solution of the field 
problem, the procedures are also discussed in that chapter. Chapters V and 
VI deal with one and two-dimensional axisymmetric EM field problems re- 
spectively, where the current density vector j is known and the conductor 
remains in the normal state. Chapter VII presents the finite element solu- 
tion of a one-dimensional axisymmetric conductor in its normal state where 
the current density vector j is unknown. Chapter VIII is concerned with 
finding the values of EM fields within a one-dimensional time-independent 
axisymmetric superconductor. Chapter IX develops a one-dimensional heat 
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conduction finite element. This element is employed with a modified ver- 
sion of the element of Chapter VII to solve the coupled problem of a one- 
dimensional axisymmetric conductor that is subjected to a varying thermal 
load. Chapter X employs appropriately modified versions of the elements 
of Chapter IX to solve the coupled EM-thermal system where the electric 
current through a one- dimensional axisymmetric wire is varied. Chapter 
XI models the complete quantum, themal and EM field problem for a one- 
dimensional axisymmetric wire. The temperature T and the electric current 
are allowed to vary, but the wire is also allowed to change its quantum state 
and be either a normal conductor or a superconductor. 

The last chapter, Chapter XII, contains a broad summary of the 
dissertation. This chapter highlights some of the more important aspects of 
the variational methods used here. It concludes the dissertation with a small 
section on new research directions that the thesis research has suggested. 



CHAPTER II 


EM AND FOUR-POTENTIAL THEORY 


2.1 ELECTROMAGNETIC FIELD EQUATIONS 

2.1.1 THE MAXWELL EQUATIONS 


The original Maxwell equations (1873) involve four three- vector 
quantities: B, D, E, and H. Vectors E and H represents the electric and 
magnetic field strengths, respectively, whereas D and B represent the electric 
and magnetic fluxes, respectively. All of these are three-vector quantities, 
that is, vector fields in three-dimensional space (e.g., in Cartesian space, 
xi = x, x 2 = y, x 3 = z): 



( 2 . 1 . 1 ) 


Other quantities are the electric current 3-vector j and the electric charge 
density p (a scalar). 

With this notation, and using superposed dots to denote differenti- 
ation with respect to time Maxwell equations can be stated as 


B + V xE = 0 

VxH-D = j 

O 

a 

ii 

-c> 

V • B = 0 


( 2 . 1 . 2 ) 


The first and second equation axe also known as Faraday’s and Ampere- 
Maxwell laws, respectively. 
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The system (2.1.2) supplies a total of eight partial differential equa- 
tions, which as stated are independent of the properties of the underlying 

medium. 

REMARK 2.1.1 

Some authors, for example, Eyges [26], include 47r factors and the speed of light c 
in the Maxwell equations. Other textbooks, e.g. [27, 28], follow Heaviside’s advice 
in using technical units that eliminate such confusing factors. 


2.1.2 CONSTITUTIVE EQUATIONS. 

The field intensities E and H and the corresponding flux densities 
D and B are not independent but are connected by the electromagnetic 
constitutive equations. For an electromagnetically isotropic, non-polarized 
material the equations are 


B = fiH D = eE 


(2.1.3) 


where /j, and e axe the permeability and permitivity, respectively, of the ma- 
terial. These coefficients are functions of position but (for static or harmonic 
fields) do not depend on time. In the general case of a non-isotropic mate- 
rial both n and e become tensors. Even in isotropic media ^ in general is 
a complicated function of H; in ferromagnetic materials it depends on the 
previous history (hysteresis effect). 

In free space n = fio and e = e 0 , which are connected by the relation 


^o e o 

where Co is the speed of light in a free vacuum. 
Co « 3.10 8 m/sec and 


(2.1.4) 


In rationalized MKS units, 


J 1 0 = x 10- 7 henry/m, eo = f* 0 1 c„ 2 = (36ir ) 1 x 10 11 sec 2 /(henry • m) 

(2.1.5) 
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The condition p « p 0 holds well for most practical purposes in such media 
as air and copper; in fact p air = 1.0000004/x 0 and p copper = .9999 9p 0 . 

The electric field strength E is further related to the current density 
j by Ohm’s law: 

j = <?E (2.1.6) 

where a is the conductivity of the material. Again for a non-isotropic mate- 
rial <7 is generally a tensor which may also contain real and imaginary com- 
ponents; in which case the above relation becomes the generalized Ohm’s 
law. For good conductors a >> e; for bad conductors a « e. In free space, 
cr = 0. 

2-1.3 MAXWELL EQUATIONS IN TERMS OF E AND R 

To pass to the four-potential considered in this work it is convenient 
to express Maxwell’s equations in terms of the electric field strength E and 
the magnetic flux B. In fact this is the pair most frequently used in elec- 
tromagnetic work that involve arbitrary media. On eliminating D and H 
through the constitutive equations (2.1.3), we obtain 


B -|- VxE = 0 

V x B — /ieE = /ij 

V • E = p/e 

V- B = 0 


The second equation assumes that e is independent of time; otherwise eE = 
e dE/dt should be replaced by d(e E)/ dt. In charge-free vacuum the equations 
reduce to 

B + VxE = 0 VxB-4-E = 0 

c o 

V • E = 0 V- B = 0 


( 2 . 1 . 8 ) 
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2.1.4 THE ELECTROMAGNETIC POTENTIALS. 

The electric scalar potential $ and the magnetic vector potential A 
are introduced by the definitions 


E = — V$ — A B = VxA 


(2.1.9) 


This definition satisfies the two homogeneous Maxwell equations in (2.1.7). 
The definition of A leaves its divergence V • A arbitrary. We shall use the 
Lorentz gauge [29] 


V • A + = 0 


( 2 . 1 . 10 ) 


With this choice the two non-homogeneous Maxwell equations written in 
terms of $ and A separate into the wave equations 


V 2 $ - = -p/e V 2 A — fieA — — /jj (2.1.11) 


2.2 THE ELECTROMAGNETIC FOUR-POTENTIAL. 

Maxwell’s equations can be presented in a compact manner (a form 
compatible with special relativity) in the four-dimensional spacetime defined 
by the coordinates 


x\ = x, r 2 = y , *3 = -z, x 4 = ict (2.2.1) 

where r 1 ,x 2 ,X 3 are spatial Cartesian coordinates, i 2 = —1 is the imaginary 
unit, and c = 1 / is tL <=oeed of EM waves in the medium under con- 
sideration. In the sequel Roman subscripts will consistently go from 1 to 4 
and the summation convention over repeated indices is used unless otherwise 


stated. 
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2.2.1 THE FIELD STRENGTH TENSOR. 


The unification can be expressed most conveniently in terms of the 
field-strength tensor F, which is a four-dimensional antisymmetric tensor 
constructed from the components of E and B as follows: 


0 

*12 

*13 

*14 ‘ 


0 

cB$ 

—cB 2 

—iE 1 

—F 12 

0 

*23 

*24 

def 

-cBz 

0 

cB\ 

—iE 2 

— *13 

— *23 

0 

*34 

= 7 

cB 2 

—cB\ 

0 

-iE 3 

.-*14 

— *23 

— *34 

0 


iEi 

iE 2 

iE 3 

0 


( 2 . 2 . 2 ) 


Here 7 is an adjustment factor to be determined later. Similarly, we can 
introduce the four-current vector J as 


J = 


( J 1 ] 


f 1 

*2 

del I Cpj 2 

1 PJ 2 

■h 

= 7\ 

[ 

1*4 J 

( ip/* , 

{ lyjp/ep ) 


(2.2.3) 


Then, for arbitrary 7 , the non-homogeneous Maxwell equations, namely 
VxB — peE = p j and V • E = p/e , may be presented in the compact 
“continuity” form (the covariant form of these two equations): 


OF* 

dx k 


(2.2.4) 


The other two Maxwell equations, V • B = 0 and VxE + B 
presented as 

dFjk dFrnt dFkrn _ Q 

dx m dxk dxi 


0 , can be 


(2.2.5) 


where the index triplet ( i,k,m ) takes on the values (1,2,3), (4,2,3), (4,3,1) 
and (4,1,2). 
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2.2.2 THE FOTJR-POTENTTAL- 

The EM four-potential 0 is a four-vector whose components 


are 


constructed with the electric and magnetic potential components of A and 


( 2 . 2 . 6 ) 


It may then be verified that F can be expressed as the four-curl of <f>, that is 

F - fMi _ o 

dx i dx k ’ ^• 2 ’ 7 ^ 

or in more detail and using commas to abbreviate partial derivatives; 



r 0 i ] 



0 = 7 < 

1 02 
I ^ 1 

def 

► = i 

cA 2 1 
cA 3 I 


[04 J 


k J 


F = 


o <j> 2)1 - 0 1)2 - (f , l3 ^ 41 _ tj ) 14 

^1.2 0 03,2 - 02,3 04,2 ~ 02,4 

01.3 ~ 03,1 02,3 — 03,2 0 04 )3 — 0 3>4 

01.4 - 04,1 02,4 ~ 04,2 03,4 ~ 04,3 0 


( 2 . 2 . 8 ) 


2.2.3 THE UNGAUGED T.AGR.ANflTAN 

With these definitions, the basic Lagrangianof electromagnetism 
be stated as 

2 


can 


L -\F, k F ik Mi- U 2 (f^-f^) -Mi 


= ± 7 2 (c 2 B 2 - E 2 ) - 1-OiAj + j 2 A 2 +J 3 A 3 - p$) 


(2.2.9) 


in which 


B 2 = B t B = B 2 + B 2 + B 2 , E 2 = E t E = E 2 + E 2 + E 2 (2.2.10) 

Comparing tn c first term with the magnetic and electric energy densities 

[26,27,28] 


U M = ±B r H = -Lb 2 , 

2fi 


U E = |D t E = \eE 2 , 


( 2 . 2 . 11 ) 
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we must have 7 2 c 2 = 7 2 /(/xe) = 1///, from which 


7 = Ve 


( 2 . 2 . 12 ) 


Consequently, the required Lagrangian is 


(2.2.13) 


The associated variational form is 


L — — 5 2 ~ ~ O'l -d-i + 72-^2 + jadh — P$)- 


R = [ 1 [ LdVdt (2.2.14) 

./to Zv 

where V is the integration volume considered in the analysis. In theory V 
extends over the whole space, but in the numerical simulation the integration 
is truncated at a known boundary or special devices are used to treat the 

decay behavior at infinity. 

REMARK 2.2.1 

Lanczos [30] presents this Lagrangian for free space, but the expression (2.2.13) 
for an arbitrary material was found in none of the textbooks on electromagnetism 
listed in the References. 


2.2.4 THE GAUGED LAGRANCIAN. 

If the fields A and $ to be inserted into L do not satisfy the Lorentz 
gauge relation (2.1.10) a priori , this condition has to be imposed as a con- 
straint using a Lagrange multiplier field A 9 (rj), leading to the modified or 
“gauged” Lagrangian: 


Lg — L + Aj(V • A + pe^) 


(2.2.15) 
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2.2.5 THE FOUR-FIELD EQUATIONS. 

t 

On setting the variation of the functional (2.2.15) to zero we re- 
cover the field equations (2.2.4) and (2.2.5), as well as the gauge constraint 

(2.1.10) as Euler- Lagrange equations. Taking the divergence of both sides of 
(2.2.4) and observing that F is an antisymmetric tensor so that its divergence 
vanishes we get 


dJi 

dxi 


= c^( V • j + p) = 0 


(2.2.16) 


The vanishing term in parenthesis is the equation of continuity, which ex- 
presses the law of conservation of charge. The Lorentz gauge condition 

(2.1.10) may be stated as d<f>i/dx{. Finally, the potential wave equations 

(2.1.11) may be expressed in compact form as 


D<f>i — Ji 


(2.2.17) 


where □ denotes the “four- wave-operator” , also called the D’Alembertian: 

d 2 8 2 d 2 d 2 d 2 

+ ~ — + 


□ ^ 


(2.2.18) 


dxkdxk dx\ dx\ dx\ c 2 dt 2 

Hence each component of the four-potential tf> satisfies an inhomogeneous 
wave equation. In free space, Ji = 0 and each component satisfies the homo- 
geneous wave equation. 

The following sections of this chapter are devoted to derivations of 
the appropriate expression for L g for selected cases. The first variation of R 
with respect to the independent variables is also taken. With few exceptons, 
the solutions of the independent variables $ is not determined. The variation 
is performed primarily to determine the natural boundary conditions of each 
test case for the eventual extension of the four-potential method to finite 
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element analysis. The variation is also performed to confirm the validity of 
the four-potential method as an analytical tool by directly comparing the re- 
sultant Euler equations minus the Lagrange multiplier terms with Maxwell’s 
field equations. 

2.3 THE ONE-DIMENSIONAL AXISYMMETRIC CASE 

The simplest application for the four-potential variational principle 
is to an infinitely long, straight conductor of circular cross section which car- 
ries a known, time-independent uniform current in the longitudinal direction 
(Fig. 2.1.). To take advantage of the axisymmetric geometry a cylindrical 
coordinate system is chosen with the wire centerline as the longitudinal z- 
axis. The vector components in the cylindrical coordinate directions r, 9 and 
z are denoted by 

^■l , B\, Ei = A r , f? r , E r in the r (radial) direction, 

A 2 , B 2 , E 2 = Ag, Bg, Eg in the 9 (circumferential) direction, 

^3> 5 3 , F 3 = A z , B z , E z in the 2 (longitudinal) direction. 

The first step in solving for the fields is to express the gauged La- 
grangian 

L 9 = - (j r A - p$) + A ff (V • A + //<:$), (2.3.1) 

in terms of the potentials written in cylindrical coordinates. 
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For B we use (2.1.9), (2.2.10) and the cylindrical-coordinate curl formulas 
to get 


1 dA, dAt 


B = 

V r dO dz 


1 (dA 
+ 


dz 


dA,' 2 

dr 


)*e 


d(yvlfl) 1 dA r 

dr r dO 


(2.3.2) 


For E we use (2.1.9) and the cylindrical-coordinate gradient formulas to 
produce 


E = 



W + Ar 
ld$ , j 
rW + A » 

W + Az 


(2.3.3) 


so that (2.2.10) becomes 


E 2 


E J E = ( 

dr dt 


+ (n» + irj + (a7 + ^r) < 2 - 3 - 4 ) 


For the Lorentz gauge we use the cylindrical-coordinate divergence formula 
to get 

~ ^ ld(rA r ) 1 dA a dA. 

(2.3.5) 


V.A + ^ = i^) + I^ + ^ + , ei 


The electromagnetic fields, for the one-dimensional case, only vary in the 
radial (r) direction and any partials with respect to 0 and z vanish. In the 
time- independent case, all partials with respect to t also vanish. With no 
static charge density, p = 0, and with only a longitudinal current, the single 
non- vanishing component of j is j z . The constitutive relation (2.1.6) can be 
used to remove the dependence of L g on because j z is known, E is known, 
and it is not necessary to carry the terms in L g necessary to determine E. 
These simplifications produce 


Lg — — ~ 

9 2p 


dA j 

dr 


+ I — 
r 


1 dMe) \ 

dr J 


+ A, 


( 7 ^—) (2.3.6) 
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The first variation of R, with (2.3.6) as the Lagrangian, with respect to X g 
gives the Euler equation: 


djrAr ) 

dr 


(2.3.7) 


The solution for A r is simply a constant over r. For A r to remain bounded 
as r goes to zero, the constant must be zero. The first variation of R with 
respect to Ag and integration by parts yields the following Euler equation 
for Ag 



The solution to this equation is Ag = C\r + where C\ and C 2 are 

constants of integration. Again C 2 must be zero for Ag to remain bounded 
as r approaches zero. If C\ is nonzero, a magnetic field will exist in the 2 
(longitudinal) direction. For the problems considered here, the only magnetic 
fields that exist axe generated by the current I in the wire and C\ is also 
chosen to be zero. 

Because A r and Ag are identically zero, it is not necessary to carry 
the terms in (2.3.6) dependent upon A r and Ag. Consequently, the expres- 
sion for the gauged Lagrangian for the one- dimensional, time-independent 
axisymmetric conductor with a known current density distribution is 



(2.3.9) 


Notice that for this particular geometry, with time-independent fields, the 
gauge choice for A does not contribute to the Lagrangian and A is completely 
determined by the boundary conditions. For this particular case, L is equal 

to Lg. 
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The new expression for R is 


R -Jy" {*(%)' -M} 


(2.3.10) 


The first variation of R with respect to A z and integration by parts produces 

r dA z 


+ L dTSA ‘{ 


p, dr 


(2.3.11) 

where T is the surface of the integration volume considered in the analysis, 
and r; and r } are the inner and outer radial limits respectively of the integra- 
tion volume. For this problem, dr is simply d9dz. Substituting the relation 
for B from (2.1.9) (i.e., B = VxA) into the Euler equation in (2.3.11) gives 
the following Maxwell relation and verifys that (2.3.9) is the correct form for 


L g • 


1 d(rBo) 
r dr 


= Mz 


(2.3.12) 


2.4 THE TWO-DIMENSIONAL AXISYMMETRIC CASE. 

The next simplest problem with which to test the four-potential 
method is the two-dimensional axisymmetric case. As in the one-dimensional 
case, the current is steady (time-independent) and known, p is still zero, and 
cylindrical coordinates are chosen with the rotational axis coinciding with 
the z axis. The four-potential method is now extended to cover this problem 
by allowing <f> to vary in the radial and longitudinal directions e r and e, but 
not in the circumferential direction e#. Here, and in the sequel, e r , 6$, and 
e z are defined as the unit direction vectors in the r, 9 and 2 directions respec- 
tively. All partials with respect to 9 now disappear but partials with respect 
to 2 now remain. Since the problem is time-independent, and j is known, 
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partials with respect to t and partials containing $ can be eliminated. The 
gauged Lagrangian is now 


_L ( dAr dAz 

2(i \ dz dr 


, (1 djrAo) 

\r dr 


. (\ d(rA r ) dA z \ A 
+ A » (7 g r + ~gTj ~0r A r +j S A,+j,A,) 


(2.4.1) 


Note that this Lagrangian involves all components of A although the inde- 
pendence from 9 has introduced some simplifications with respect to the full 
three-dimensional case. 

Variation of the above with respect to A r and integartion by parts 


produces 


'- {Ar) - ~L 

+ J dT\i 

JTi 


1 ( d 2 A r d 2 A. 




Jr 1 V oz or 


)}L + L 


dT 2 6A r {rA ff } 


(2.4.2) 

where dT 1 and dr 2 are defined as rdrdd and dOdz in the e z and e r directions 
respectively and z t and z } are the lower and upper limits of integration 
respectively, of the integration volume in the e 2 direction. To verify that 
the first three terms of the volume integral in (2.4.2) represent a Maxwell 
equation, the expression for B in terms of A r , Ag and A z is needed. The 
correct expression for this problem is 


B r G r 


B = < Bgeg 


- d -t 




(2.4.3) 
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The following expression for VxB in terms of B r , B$ and B z is helpful for 
verification purposes: 



(2.4.4) 


Comparison of the 8 component of B with the Euler equation of (2.4.2) 
verifies that it is the Maxwell equation VxB = /ij in the e r direction. 

Variation of (2.4.1) with respect to Ag and integration by parts pro- 


duces 


«<*) =-L dvsA °{\ + £ (^ M,) )) +j# } 

1L + l, dr26Ae {ii^ :(TAe) 


L 


+ / dTiSAs 


1 dA ( 
a dz 



I r t 

(2.4.5) 


Comparison of the r and 8 components of B in (2.4.5) verifes that the Euler 
equations match the desired Maxwell equation in the eg direction. 

Finally, variation of (2.4.1) with respect to A z and integration by 
parts produces 


f ( 1 (1 d ( fdAr dA z 

SR { A Z ) = 

+ jf dT 2 6A z ^r ( 



+ / dTiSA'irX,} 
J r x 


dz 

dA z ' 

dz dr j 


- Jz 

dA r 


(2.4.6) 


Comparison of the 8 component of B again verifies the derivation of the 
correct Euler equation, this time for the e z direction. 
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2.5 SUMMARY. 

In this chapter, the terminology and basic background for dealing 
with EM fields is developed. The four-potential method is also introduced 
and modified for arbitrary materials. The basic Lagrangian for EM field 
problems is presented and a gauged form of this Lagrangian is also shown. 
To show the broad range of applicability of the four-potential method to EM 
field problems, the gauged Langrangian for two simple time-independent 
cases is derived. The first variation of this Lagrangian, integrated over the 
independent variables, is also taken. This variation is performed to verify 
that the Euler-Lagrange equations for these two particular cases match their 
respective Maxwell equations and also to determine the natural boundary 
conditions for each case. 

In the next chapter, the four-potential method is extended again to 
obtain the appropriate Lagrangian for two special cases. These cases are a 
conductor with an unknown current density vector j and a conductor in the 
superconducting state. 


CHAPTER III 


CURRENT DENSITY PREDICTING FOUR-POTENTIAL THEORY 
In the previous chapter, the current density distribution j is known. 
Unfortunately, for the general case, neither the path that the current I takes 
through a conductor nor its distribution is known. In this chapter, two 
different cases where I is known, but j is not, are examined. The first 
case is a normal conductor and the second case is a type I or II (Ginzburg- 
Landau) superconductor. Both cases have an identical geometry, that of a 
one-dimensional infinite wire and both axe time-independent with p equal to 
zero. Cylindrical coordinates are used to describe the problem with the z 
axis coinciding with the rotational axis of the wire. 

The purpose of this chapter is to develop the Lagrangians for each 
of the two problems, and their residuals (Euler equations), so that they may 
be extended to a finite element formulation. Also included in this chapter is 
a brief presentation of the basic theory of superconductivity for types I and 
II superconductors. 


3.1 LINEAR CONDUCTORS 

The previously derived Lagrangian for the time-independent case in 
three dimensions is 



(3.1.1) 





where the superscript T represents the transpose of the matrix or vector. 
The constitutive equation for a linear conducting medium is 
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(3.1.2) 

As a first guess, (3.1.2) is used to eliminate j from (3.1.1) in terms of the 
variable $. The resulting equation for the Lagrangian is 

L, = j^(VxA) 7 '(VxA)-i(V'» T V« + <7V$ :r A + A J (V. A)| 

(3.1.3) 

Integrating L g over the volume and taking the first variation yields, after 
integration by parts, the following equation 

$R = J dF<5A T jivxVxA + (rV$- VA 9 j -J dV6$V • {eV$ - <tA} 

+ /^{I(VxAxn) + (.nA,)} + J dT6$ {eV$ + a A) • n 

(3.1.4) 

where n is the unit outward normal to the surface of the volume of integra- 
tion. 

The first volume integral is an augmented form of Maxwell’s equa- 
tion VxB = j, whereas the first boundary integral ensures that the B field 
component parallel to the surface is continuous across boundary surfaces. 
If a is constant across the volume of integration, then the second volume 
integral is a restatement of the Maxwell equation V • D = 0 because V • (<xA) 
= erV • A = 0. The second boundary integral enforces the condition that 
the normal component of D be contn. "'us across boundaries. For the one- 
dimensional problems studied here where the value of e does not change 
across boundaries, this condition automatically satisfies the homogeneous 
Maxwell equation VxE = 0. 


j = crE = — erV$ 
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If a is constant across the whole volume of a conductor, this formula- 
tion presents no difficulties. However, if a changes as a continuous (smooth) 
function across a conductor, the second Euler equation is incorrect. This 
can be corrected by augmenting the Lagangian with the constraint V • D = 
0 or by changing the gauge constraint to V • (crA) = 0. If the conductivity 
changes slowly across the conductor, the conductivity can be approximated 
by a series of step functions. At low temperatures, for the conductors exam- 
ined in this work, the conductivity does change slowly across the conductor 
volume and the step function approximation is used. This formulation also 
has problems. The second boundary and volume integrals in (3.1.4) combine 
to produce a series of n — 1 equations for n unknowns where n is the number 
of differing regions that E field passes through. These regions are caused 
by the choice of integration volumes and changing EM material properties. 
Augmenting (3.1.4) by the current conservation constraint, I = JpdThc • j, 
where n c is the directed unit normal to the surface that the current flows 
through, solves this problem. n c is aligned in the direction on current flow. 
The new functional R gc c is 
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Variation with respect to A and $ produces 


SR 


gcc 


= J^dV6A T S^j-VxVxA + aVQ - VA ? J 

— J dV6$ {V • (eV<£ — <rA) 4 - VA C } 

+ Jr dTSA r j — (VxA x n) + (-nA ff ) j 
+ J dT6<& {(eV$ + <tA) • n + A c n c } 

^1 + J dTcrhc ■ 


T 

+ <SA C 


(3.1.6) 


For anticipated extensions to superconductivity, it was originally de- 
sirable to have j as a primary variable whereas the electrical potential was 
of little interest. R gcc was written in terms of the variables A and j and the 
first variation and integration by parts was performed to give 


SR gcc = Jv dVSA T jlvx VxA - j - VA ? J - j dVS] {ew 2 j + A} 

+ ^d r 6A r {i(Vx A x n) + (-nA ff )} + A c J dTSy h c 
+ SX C (j ~ J dTh c ■ 

(3.1.7) 

where w, the resistivity, equals 1/cr. 

The second Euler equation + A = 0, which replaces V • D = 
0, is generally incorrect: this is due to the elimination of V<3>, which inhibits 
the necessary integration by parts. The lack of this integration also has the 
effect of forfeiting the automatic verification of the homogeneous Maxwell 
equation VxE = 0. These deficiencies can be corrected by augmenting R gcc 
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with a Lagrangian multiplier field k to produce the new functional, R p , which 
follows. 


Rp=J v dv{^ (VxA) r (VxA) - ieu> 2 j T j + j T A 

+ A s (V • A) + k t (Vxwj)} + A eft - [ ■ j) 


(3.1.8) 


At the start of the thesis research, for the finite element work, wj was 


originally substituted for — V$ in (3.1.1). The original equations produced 
a variational index of zero for j. This variational index is a constraint that 
was kept as an arbitrary choice to make the research proceed more rapidly 
and results in a formulation that is not the most computationally efficient. 

For the one-dimensional problem, $ as a primary variable, not j, is 
the better choice. A formulation that uses $ is better because it only varies 


in the 2 direction. This requires only two degrees of freedom over the whole 
domain of the problem to model E and D. With j as the primary variable, 
one degree of freedom per element is needed to evaluate j, and a minimum 
of two additional degrees of freedom per element are necessary to evaluate 
K. The j formulation requires three degrees of freedom per element to model 
the E and D fields. 


Another advantage of the $ based formulation is that with the gauge 
choice V • (<rA) = 0, only one constraint has to be augmented to the gauged 
Lagrangian, the current conservation constraint. An additional benefit of 
the $ formulation is that it does not exclude a a that varies smoothly. In 
the thesis formulation, because j is C -1 continuous, a must •'Iso be C~ x 
continuous to satisfy the homogeneous Maxwell equation VxE = 0. 

However, the formulation that was used to produce numerical results 
here contains j as primary variable and not $ because of time limitations on 
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the thesis research. To reproduce this formulation, it is necessary to integrate 

(3.1.8) by parts to lower the variational index of j to zero. The result is 

(3.1.9) 


3.1.1 ONE-DIMENSIONAL LINEAR CONDUCTOR. 

As in section 2.3, the simplest application arises for an infinitely 
long, straight conductor of circular cross section. A depiction of the physical 
problem is illustrated in the upper half of Figure 3.1. Again, p equals zero, 
and all partials with respect to 9 and z vanish. The only nonzero components 
of A and j are A z and j z . By (3.1.2), the only nonzero component of E is E z , 
consequently the only nonvanishing component of k is in the e* direction. 
The expression for R p reduces to 

(3.1.10) 

where (IT 2 and cIT 1 are again defined as d6dz and rdrdO respectively. Varia- 






normal conductor 



Figure 3.1: Physical Problem: One- 


dimensional bulk conductors 
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t tn A i A c and k# and integration by parts produces 
ion with respect to A z , Jz *c « 

SR = - j / v6A • (I ( r ^)) + 

- / dV«;c{“ 2 j* + + “rf ' '"“'l " /r, <fr ' <1 

Jv ^ . r\ / • \ 


- f dT 2 ur8j z Ke ~ / 

JTi ri ' v 




d jojjz) 

dr 


'Ti 

+ 


/ f \ /* f r iM* 

sX'(i-J r fd,) + J r f* SA -tier 


(3.1.U) 


3 9 gTTPF,R.CO T>jr>TT ^ TlVIT ^ 

This section prints some o£ the basic theory of superconduct, v,ty 
and the application of the four-potential method to the solution of the tune- 
independent superconductor problem. For this problem, , U tahen as zero, 
and the variable • is no longer required. For cases where E or , are no zero, 
the superconductor behaves as a normal conductor for the E an 
and these fields can be treated by the methods discussed in the prevmus 
chapters. The departure from a normal conductor ,s exh,b,ted « t « 
and H fields and in the resistance of a superconductor. There is an almost 
complete absence of resistance and the B and H fields are non-linear. The 
Unear constitutive relation (3.1.2) no longer applies, and 3 is now a function 
of A and the quantum mechanical quantity, the wave order parameter *. or 
these reasons, the non-linear fields and non-linear constitutive equattons, t ,s 
work deals exclusively with magnetostatic superconductor problems. 

The most widely accepted microscopic theory of low temperature 
superconductivity is due to Bardeen, Cooper and Schreifer [21, PP- 16-71] and 
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is referred to as BCS theory. No attempt is made here to present the BCS 
theory of superconductivity, as the author’s work is based on the Ginzburg- 
Landau equations. The Ginzburg- Landau equations, which describe types I 
and II superconducting phenomena, are based upon the BCS theory. The 
important result of the BCS theory is that below a certain temperature it 
becomes energetically more favorable for “free” electrons to bind together in 
pairs, called Cooper pairs, and that the density of these pairs in a volume 
can be represented by the quantum probability density function ip. Table 
3.1 lists the relevant nomenclature for superconductivity. 


Table 3.1 Superconducting Theory Nomenclature 


Symbol 

Quantities 

a, (3 

Temperature dependent material parameters 

rj) 

Analgous to a wave/position 
function in particle mechanics 

IVf 

Number of superconducting charge carriers 
per unit volume 

r 

Complex conjugate of ip 

q* 

Effective charge of charge carriers 

m* 

Effective mass of charge carriers 

h 

Planck’s constant divided by 2 7r 

A 

Magnetic potential vector 

B 

Total magnetic field 

j 

Current distribution 

F s 

Helmholtz free energy of superconducting state 

F n 

Helmholtz free energy of normal state 

AF 

F - F 

1 s J. n 
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3.2.1 THE HEL MHOLTZ FREE ENERGY FOR A SUPERCONDUCTOR 

* 

The Helmholtz free energy of a system is expressed as 


F = U — TS 


(3.2.1) 


where F , U , T and S represent the Helmholtz free energy, the potential 
energy, the temperature and the entropy of the system respectively. 

In the general vicinity of the transition or critical temperature for 
a type I or II superconductor, the difference between the Helmholtz free 

energy of the superconducting and normal states of a conductor can be ap- 
proximated as 


AF = F a — F n = dv{-Q|^| 2 + i/9|^| 4 + ^|(-iftV- 9 *A)^| 2 + lB-H} 

(3.2.2) 

m S.I. units [20], where the quantities a, /? and ij> are defined in Table 1. 
The first two terms represent a typical Landau expansion of the Helmholtz 
free energy for a second order phase transition. The third term represents 
the total momentum of the charge carrier. The — iftV term is analogous to 
the dynamic (kinetic) momentum of a quantum wave- like particle; the q* A 

term represents the field momentum [31, p. 633; 21, pp. 105-108]. 

REMARK 3.2.1 

A good example to illustrate quantum kinetic momentum is provided by a one- 
dimensional particle in an infinitely deep energy well. The — ihV term in the 

above functional is similar, in quantum theory, to the momentum of the particle 
in the well. 


Using the identities, B = /z 0 H, and B = VxA the last term of 
(3.2.2), which represents the field energy, can be replaced by 


2 ^ V * A > ! 


(3.2.3) 
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In (3.2.3), the material’s magnetic permeability fj,, has been set to 
fi 0 , the value of the permeability of free space. The justification for the 
use of fj. 0 is that, in a superconductor, there is an almost total expulsion of 
the magnetic field B from the interior of the superconductor. This effect is 
called the Meissner effect. The B field will only penetrate a small distance 
into the superconductor. This approximate penetration depth is called the 
London penetration depth. For superconducting samples with dimensions 
much larger than the London penetration depth, the contribution to F by 
the difference between /iH and fi 0 H is small and the substitution of /i for fj. a 
is justified (Ref. [21], p.89). This type of superconductor is referred to as a 
bulk superconductor. Superconductors with macroscopic dimensions on the 
order of or smaller than the London penetration depth should use /j, instead 
of /i 0 . Only bulk superconductors are dealt with here. 

Expanding A F in terms of xp and ip* gives 

A F= f dV | —axpxp* + I/?(V>t />*) 2 + - q*A T xP) 

J ^ ' t-df I b 

(ihVxP* - q*AxP*) + -5— (Vx A) T (V x A) } (3.2.4) 

The quantities ip and xp* are both complex quantities and present no 
mathematic difficulties when deriving a variational formulation of supercon- 
ductivity, but they do cause numerical problems. If ip and xp* are used as 
independent variables in a numerical model, they require twice the amount 
of memory to store because both a real and imaginary number must be 
stored for each variable. A preferred numerical formulation will only contain 
variables that are real. Luckily, the independent variables xp and xp * can 
be expressed in several different manners, all of which are mathematically 
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equivalent. If we let xp equal xpR + tyl and ip* equal xpR — ixpj, where xpR and 
ip I represent the magnitudes of the real and imaginary parts respectively of 
the old variables, and i the square root of —1, the memory storage problem 
is solved and the new variables are real. This formulation was used in in 
Ref. [32] for one- dimensional calculations. Although reasonable results for 
most quantities were obtained, others lacked accuracy. Later, it was decided 
to find an improved formulation. In the modified formulation, xp and tp* 
become \xp\e ttu and \xp\e~ tw respectively, where \xp\ is the modulus and w is 
the phase angle of xp and ip*. These are the new independent variables used 
in the functional A F. With these substitutions, (3.2.4) becomes 

AF = / dv{-a M 2 + i m' + 2 ^-(R 2 V t |V.|V|V.| 

+ \i>\*(hV T xs - ? *A T )(fiVro- ? *A)) (3.2.5) 

+ 2^ (V * A)r ( VxA >} 

The first variation of AF with respect to |^| is 


£AF($M) = J dV6\xp\{-2a\xP\ + 2P\iP\ 3 - ^V 2 \?P\ 


+ j^[(ftV T w -5*A T )(Wro-g*A))} (3.2.6) 


+ JdT6\1>\{¥; ri.vwj 

The first variation of AF with respect to w is 


+ / r ^MK w2 (^ vro_ ^ A ))} 


n 2 _ 

Vzu — 


m* 

m* ) 

(h 2 

— Vct - 

rn A 

( m* 

m* 


(3.2.7) 
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The first variation of AF with respect to A is 

6AF(6A) = [ dVSA T {\<pf (-£^Vw + £Ia) + — (VxVxA)l 

Jy { \ m m J /i 0 ) 

+ J dT8A T j — (VxA x ii)| 

r ° (3.2.8) 

Comparison of the above equations with the Maxwell eqaution V x B = j 
shows that the constitutive relation for a superconductor is 



(3.2.9) 


where j is now a function of A instead of E. Note that j and the constitutive 
relation are already contained in the Euler equations and that j and A c are 
not needed as separate variables to make the set of equations determinate. 

The set of Euler equations obtained by the variation of A F is collec- 
tively called the Ginzburg- Landau equations. They describe the behavior of 
type I and II superconductors. In the London approximation, xf> is assumed 
to be constant throughout the conductor volume. For this approximation, 
equations (3.2.6) and (3.2.7) become zero and equation (3.2.8) becomes 

8AF(8A) = f dV8A T {\i)\ 2 ^A + — (VxVxA)l (3.2.10) 

Jv L m fto J 


This type of conductor is known as a London type superconductor. Type I su- 
perconductors are commonly referred to as London superconductors because 
is constant over the majority of the conductor volume and (3.2.10) can be 
used to get a good approximation of the B field inside of the conductor. 

For the Ginzburg-Landau bulk superconductor, rp becomes a con- 
stant within the superconducting volume at the interior boundary. This 
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means that \xj?\ is a constant there, and the interior boundary integral of 
(3.2.6) is zero. 

Although the curl of A has been defined, the divergence of A is 
arbitrary. A common choice and the one used here is the London gauge, 
^ ' A 0, which is equivalent to the time-independent Lorentz gauge. For 
this gauge choice, A must go to zero inside of a bulk superconductor [32, 
P-12]. V’ must also go to zero at the exterior free space/conductor boundary. 
This reference shows that, with the London gauge, also be zero at the 
exterior boundary. This condition is equivalent to V|i/»| being zero on the 
exterior boundary. With this condition, the outer boundary integral of (3. 2. 6) 
is also zero, and the boundary term disappears completely. 

Because of the London gauge choice and the condition that \ip\ is 
constant deep in the bulk layer, the Euler equation of (3.2. 7) becomes, in the 
bulk region, V 2 zu = 0, requiring that Vw be a constant. The value of the 
constant is determined by energy considerations. The term \^\/m*(hVzj — 
q A) represents the net exchange of field momentum from the magnetic field 
to the kinetic momentum of the charge carriers. Only in the boundary layer 
is there an exchange of momentum and in the bulk of a superconductor this 
term must be zero. Because A is zero in the interior of bulk superconductors, 
Vro must also be zero or there will be an exchange of momentum. Therfore, 
for the London gauge choice, w is a constant [21, p.107]. This reduces the 
number of independent variables from three to two. The correct augmented 
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functional for the generalized three-dimensional case is therefore 


* 2 

A F,= J <n'{-aW* + JW| 4 + 5 i 7 (« J V , '|0|V|0| + W !, ^-A T A) 

+ J_(VxA) T (VxA) + A„(V-A)} 


(3.2.11) 


and its first variation is 


8AF n 


f dV8\ip\ { -2a|t/>| + 20\ip\ 3 - — 7V 2 |V>| + \xP\^A t a] 

Jv L mm) 

+ / dV8A T A + — (VxVxA) + VA 9 1 

Jv l m * J 

+ J dT8A T j — (VxA x n) + (-n A ? )| 



(3.2.12) 


3.2.2 ONE-DIMENSIONAL SUPERCONDUCTORS. 

For the one-dimensional Ginzburg-Landau superconductor that has 
the same geometry as the linear conductor examined earlier in this chapter, 
and no static charge density p, (3.2.11) reduces to 


A F, = j v dv{-am 2 + \m\ A + 

+ WV 2 4) + (if) } 


(3.2.13) 
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An illustration of the physical problem is shown in the lower portion of Figure 

3 . 1 . 


For a London superconductor, 0 is constant and (3.2.11) and (3.2. 12) 

become 



( 3 . 2 . 15 ) 


For both cases, the only nonzero component of j is in the e z direction 


and is 


Jz = 

m* 


( 3 . 2 . 16 ) 
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3-2.3 EVALUATION OF MATERIAL PARAMETERS a AND /?. 

The following is a summary of Tinkham’s derivation of a and 0 that 
is presented in [21, pp. 105- 109]. Appropriate changes have been made to 
convert this derivation from CGS units to SI units. 

Deep within a superconductor, due to screening effects (the Meissner 
effect), there are no fields or gradients. The last terms in the functional A F 
drop out and the resulting equation is 

AF = -a\ip\ 2 + (3.2.17) 

Near the second order phase transition, at the critical temperature T c , the 
minimum value for the free energy occurs when 

OAF 

= ~2o#| +2/?|Vf =0 (3.2.18) 

from which 


H 2 = IV’ooI 2 = j (3.2.19) 

where |^oo| is the value for the number density of superconducting charge 
carriers deep within the conductor. Substituting |t/' 00 | 2 back into the preced- 
ing equation for A F, gives 


AF = + — = - — 

0 20 20 


(3.2.20) 


When the critical field B c is applied, AF = — B 2 /2/i 0 . Because of this 
condition, deep within a superconductor, where no gradients are present, 
the following approximation to AF can be made 


AF = 


B 


2/^o 


— ^ 1-^1 
2 0^ Ho 0 


(3.2.21) 
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The work, W, done in setting up a current distribution j [26] is 

W = -\ [ j r A dV (3.2.22) 

Jv 

From the London theory [21, p. 84], with A e // equal to the effective London 
penetration depth, the following equation relating j and A can be derived 


P°Kff 

Substitution of this expression for j into the equation for W gives 


(3.2.23) 


W = [ A t A dV (3.2.24) 

2fi 0 \ e ff Jv 

From the Ginzburg-Landau theory [21, p. 107], the expression for the work 
done in setting up a current density j is defined as being 


W= f f- 7 A T A\tP 00 \ 2 dV (3.2.25) 

Jv 2m* 

If gradients of the order parameter are zero and there axe no external fields 
present, the two preceding equations are good approximations to W. Equat- 
ing these two expressions for W gives 


Algebraic manipulation produces 


2m‘ 




(3.2.26) 


l^ool 2 = 


m 

Voq* 2 ^l ff 


a 

1 


(3.2.27) 


Solving for f3 gives 


= Or 


^og* 2 ^ 2 // 

m* 


(3.2.28) 
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From before 



Po P 


Substitution for ft finally yields 



(3.2.29) 


(3.2.30) 


Allowing iV'ool 2 to equal the number of superconducting electron 
pairs, it is seen that to be consistent with the London theory 

q* = — 2e = twice the electron charge 

m* = 2m = twice the electron mass 


3.3 SUMMARY. 

In this chapter, the boundary conditions and the appropriate forms 
of functionals based upon the four-potential method are determined for two 
conductors with an unknown current density vector. The two types of con- 
ductors considered are a normal linear conductor and a superconductor. The 
only approximation made for the linear conductor is that both ui and j be 
step functions. The more general case where they are both C° continuous is 
also discussed. 

For the superconductor, the Ginzburg-Landau and London type su- 
perconductors are discussed. The London type superconductor is shown to 
be a simplification of the Ginzburg-Landau superconductor based upon the 
assumption that the quantum mechanical variable ip becomes a constant 
throughout the conductor volume. 
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Also determined are the boundary conditions for the gauge choice 
V • A = 0. This particular gauge choice reduces the number of independent 
variables for the Ginzburg-Landau superconductor by one. The appropriate 
expressions for the two material parameters for this conductor, a and /?, are 
also determined in this chapter. 

The primary assumption in determining a functional for the Ginzburg- 
Landau superconductor is that the conductor is near the phase transition 
temperature, T c . Fortunately, there is some experimental support that the 
Ginzburg-Landau theory is valid in a much wider range of temperature than 
this narrow range if appropriate values for A e ff and B c are used. 

In the next chapter, the thermal dependence of the two fuctionals 
derived here is explored. A functional to predict thermal fields is also pre- 
sented. 


CHAPTER IV 


THERMAL EFFECTS 

In previous chapters thermal effects in conductors have been ignored. 
Thermal effects are quite important in superconductivity because they deter- 
mine whether a conductor remains in the normal or superconducting state. 
Thermal fields also affect the current density distribution in normal linear 
conductors. In order to develop more accurate models of the EM fields, it 
is therefore important that thermal effects be included in numerical models 
of these fields. To accomodate the need to model the thermal fields, this 
chapter presents the functionals for two simple time-independent thermal 
field problems, the heat conduction and heat convection problems. These 
sections summarize material presented in references [24] and [33, pp. 90-92]. 

Typically, the EM material properties a, /?, e, /i and u> are temperature- 
dependent. The dependence of e on thermal fields for conductors is mild and 
is not addressed here. The thermal dependence of /j, is not discussed ei- 
ther because little experimental data for the test material, extremely pure 
aluminum, could be found. The only available datum found was a room tem- 
perature value[34, p.627], and this value is approximately /x 0 . If the value 
of n remains within an order of magnitude of /i a (i.e., ~ 10 the for- 
mulations presented in this work experience no numerical difficulties if the 
correct value for fi is used. Scaling schemes to improve matrix condition 
numbers and numerical stability are also presented in the sequel, and they 



can be implemented to cover cases where /x deviates significantly from ji 0 . 
For the above reasons, the values of p 0 and e c are substituted for fx and e in 
all numerical formulations presented here. The temperature dependence of 
or, 0 and u> are discussed later in this chapter. 

4-1 THERMAL FUNCTIONAL 

For a time-independent three-dimensional system, the functional 

n d = J v dV { \VT r kVT - iT} - f dr {Q • AT) (4.1.1) 

can be used to model the heat conduction problem [24, p.2]. Q represents 
the heat flux through the boundary of the integration volume, T the temper- 
ature, k the thermal conductivity tensor, and q the heat generation rate per 
unit volume. For the time-independent case, all of the above are functions 
only of the spatial coordinates. 

The first variation of the above equation with respect to the inde- 
pendent variable T is 

6Qd = Iv dV6T * V ' (kVT) "«}+■/ dT8 T* • {kVT - Q} (4.1.2) 

For linear conducting media, the heat generation per unit volume 
depends upon the current density j and the resistivity of the material u . 
Both k and u for a material are functions of T, but for the purposes of this 
formulation, they are treated as functions of the space coordinates. When the 
finite element solution process is discussed, this assumption will be treated in 
a more complete manner. For now, it is assumed that a; is a function of the 
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space coordinates and the appropriate value of q for the time-independent 
linear conductor is [35, p.117] 


q = w j • j 


(4.1.3) 


For the case of convection heat transfer, the heat flux across a boundary may 
be expressed as [24, p.4] 

Q = h (Too-T) (4-1.4) 

where h is the heat-transfer coefficient tensor, which is only a function of 
the spatial coordinates, and is the known free-stream temperature. The 
associated variational functional is 

Q v = J dTTn- {h(Too-iT) -Q} ( 4 - L5 ) 

whose first variation is 

Sa v = J dT8T n • {h - T) - Q} (4-1-6) 


4.1.1 ONE-DIMENSTONAL THERMAL F UNCTIONALS. 

For the one dimensional case, the same geometry as that of previous 
chapters is used. An illustration of the thermal portion of the problem is 
shown in Figure 4.1. Again there is a long cylindrical conductor that extends 
to =too in the e z direction, the longitudinal axis of the conductor coincides 
with that of e z axis, and the conductor carries a steady current I. Due 
to symmetry, there is no variation of T in the eg and e z directions. The 


functional Qd becomes 



(4.1.7) 
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where k is the thermal conductivity, and like « is a function of r. Q r is the 
heat flux in the radial direction e r . The first variation of (4.1.7) is 




~~L iV6T {li{ kr %) +uj '} + J r / r * 6Tr { k %:-Q 

The one dimensional heat convection functional is 


(4.1.8) 


fl *= / rtlTr {h cm „ (ir^ -T)-Q r j 
j r ? J 


(4.1.9) 


where h conv is the convection coefficient. The first 


variation is 


sn v = f dr 2 sr r {h conv (t* - r) - g r j 

j r o 


(4.1.10) 


For the Euler equation of (4.1.8), integrating with respect to r once 

gives 

kr ~dr = ~ j UJ j 2 z rdr + Ci (4.1.11) 

and integration with respect to r twice gives 


T / kr (/ w ^ r<fr j dr+C l j ^dr+C 2 (4.1.12) 

where C\ and C 2 are constants of integration. 

A premise to the analysis of the heat conduction problem presented 
here is that k varies slowly across the domain of integration, t'.e., between r, 
and rj. This premise will be true if the finite elements that are used in the 
heat conduction analysis can be made small enough to model the temperature 
distribution within the conductor adequately. The only limit on the size of 
the elements is machine accuracy. For the cases where the size of the element 
is smaller than machine accuracy, scaling schemes can be employed to move 
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finite element solutions back into the machine’s range. So, theoretically at 
least, the assumption that k varies slowly across an element’s domain is a 
valid assumption. This assumption proves to be true for the cases that are 
presented later in this work. If k varies slowly, it can be approximated by a 
linear interpolation across an element. This interpolation is 


k — kf ~f- 



(4.1.13) 


where k t and k } are the values of k at the inner and outer boundaries of 
integration respectively. 

In the previous chapter, it is assumed that over elements (between 
boundary limits), that u and j z are approximated as step functions for a lin- 
ear conductor. That assumption is made again here. With this assumption, 
uj and j z become constants over the range of integration of (4.1.12). Sub- 
stituting (4.1.13) into (4.1.12), and using the above assumption of constant 
current density and resistivity, integration of (4.1.12) provides 


T = f rAr 

2 \Ak 



/ rAr \ 
\ k{Ar + A k ) 


+ 


(4.1.14) 


where In represents the natural logarithm of the argument. 

If u; is allowed to go to zero, as in a superconductor, (4.1.14) becomes 


T ~ Ct h In {k^h i ) +C2 (“- 1 - 15 ) 

For this solution to remain bounded as r, goes to zero, C x must be zero. 
Now T is an undetermined constant, C 2 , at r } . This provides an important 
boundary condition for any cylindrical heat conduction problem that has 
r, equal to zero, this boundary condition being that dT/dr\ Q equal zero. 
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Referring to (4.1.8), the interior boundary integral, with C 2 substituted for 
T shows that 


n t 97 n 

Q r = *-5- = K-J— = 0 

ar Or 


(4.1.16) 


Consequently, the heat flux and the temperature gradient at r = 0 vanish if 
the solution of T is to remain bounded. 

Letting rj now equal an arbitrary interior point of the conductor, ri, 
the exterior boundary integral of (4. 1.8) also disappears for the case of to equal 
to zero. To find the T distribution, another arbitrary point, r 3, between r2 
and the conductor/free space boundary is chosen. The expressions, (4.1.11) 
and (4.1.15), derived from the heat conduction variational principle, are also 
used again. At r2, it is already known that dT /dr is zero. Using (4.1.11), 
it is found that C\ again equals zero and using (4.1.15) determines that T 
again equals an arbitrary constant. This constant must be the same as that 
derived for the case where r varied between zero and in order to satisfy 
the C° continuity of T in the variational functional as well as the boundary 
conditions imposed by the first variation of that functional. Because r 2 and 
r 3 are arbitrary, this requires for the case of zero resistivity that T become 
a single constant over the domain of the conductor. 

This constant is determined by the use of equations (4.1.8) and 
(4.1.10). The former states 


Q r = k^- = 0 
or 


(4.1.17) 


Using this information, (4.1.10) gives 


T — T 

1 s — 1 nc 


(4.1.18) 
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where T s and Tx represent the surface temperature and the temperature of 
the cooling fluid outside of the convection cooling boundary layer respec- 
tively. This gives the final result, when u = 0 the temperature distribution 
within a conductor is the constant Too, and also that the thermal properties 
k and h conv need not be known. 

For the more general case of a nonzero to, equations (4.1.8) and 

(4.1.10) axe used again to find the temperature distribution T. For this case, 

(4.1.11) must also be used. It is assumed here that is zero and rj is the 
conductor radius, r c . Equation (4.1.11) then gives 


kr, 


dT_ 

dr 


f Tc 

= — / uj^rdr 

Jo 


(4.1.19) 


where r c is the conductor’s radius. Combining this result with the boundary 
integral of (4.1.8) gives 


:rdr 


Qr = ~y f\jl 
r c Jo 

Using this result and (4.1.10) gives the following equation 


(4.1.20) 


i r e 

Ts = 7 / ujlrdr + Too (4.1.21) 

"'conv'T'c Jo 

At the interior boundary, r, is equal to zero and the value of C\ of equation 

(4.1.12) is zero. The value for C 2 can also be determined to be equal to T s . 
The temperature distribution is now 


T(r) = 



(4.1.22) 


REMARK 4.1.1 

Strictly speaking, the application of the equation (4.1.15) for T to the supercon- 
ductors presented in this work is only approximate. For these superconductors j 
is a function of A and |V»|, both of which are C° continuous. This makes j C° 
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continuous, and the integration of the first term in (4.1.11) incorrect because j is 
assumed to be C~ x continuous there. However, because u is a constant and equal 
to zero for a superconductor, the first term of (4.1.11) disappears, and integration 
of the remaining terms gives the previous result, equation (4.1.15). 


4.2 VALUES FOR THE THERMAL PARAMETERS k AND h 

The first parameter discussed is the thermal conductivity A: of a linear 
conductor. The thermal conductivity of a superconductor is not necessary 
for the problems studied in this work and will not be discussed. Reference 
[36] gives a semi-empirical formula for the thermal conductivity of a material. 
This formula is [36, p.6a] 


where 



(4.2.1) 

(4.2.2) 


For these formulas, k is given in watt cm -1 T -1 where T -1 is in degrees 
Kelvin. The constants m, n, a" and /3' were determined by a curve fit to 
experimental data. The values of these constants for well annealed, 99.9999% 
pure aluminum with a residual resistivity of 0.000593 micro-ohms per cm and 
a critical temperature of 1.196 degrees Kelvin are [36, p.9] 

n = 2.0 a" = 4.8 x 10~ 6 


m = 2.61 /?' = .0245 


(4.2.3) 


These values are used to determine k for all of the examples presented here. 
The thermal conductivity returned by this formula is accurate to within 3- 
5% of experimental values in the temperature range of zero to fifteen degrees 
Kelvin. 
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On a microscopic level, all conductors axe composed of a lattice 
structure with tightly bound electrons and protons. Some loosely bound 
electrons also exist and are called “free” electrons. There are two types of 
lattice structure interactions, and they determine, in part, how quickly heat 
may be transported through a conductor. This part is called the lattice 
structure’s contribution to the material’s thermal conductivity or the ther- 
mal conductivity of the lattice. The first of the two lattice interactions is 
that due to quantum lattice vibrations called phonons, that can be treated 
quantum-mechanically as both waves and particles, and collisions between 
these quasi-particles. For this interaction, the thermal conductivity is pro- 
portional to T [31, pp. 115-121], and is represented by the second term in the 
denominator of (4.2.1). The second interaction is due to material imperfec- 
tions, such as a copper ion in an aluminum lattice structure or imperfections 
in the lattice structure itself, such as dislocations. In this second interaction, 
the transport of both phonons and “free” electrons are being affected by an 
imperfect lattice. The net result is that a particle is being scattered by the 
lattice imperfection. For an essentially pure monocrystaline structure, these 
effects can be neglected. This assumption is made for the above al umi num 
sample for k because of its high purity and because it has also been well 
annealed to remove lattice imperfections. 

The “free” electrons provide a third means of energy transport and 
may either transport an electrical current, heat or both heat and a cur- 
rent. The rate of transport is governed predominantly by electron-phonon 
collisions. For a conductor, this is the dominant form of heat transport 
and is called the electronic contribution. This contribution to the thermal 
conductivity is called the electronic thermal conductivity. Electron-electron 
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collisions also occur, but are so infrequent that they may be neglected here. 
For the temperature range of interest, zero to fifteen degrees Kelvin, theory 
predicts that the electronic thermal conductivity is proportional to T~ 2 [37, 
p.204]. The first term in the denominator of (4.2.1) represents the electronic 
contribution to the thermal conductivity and illustrates the excellent match 
of theory to reality for aluminum. 

The second parameter necessary to the computational analysis of the 
problems posed in this work is the heat convection constant h conv . Typically, 
type I and II superconductors are cooled by liquid helium [38, p. 193] . When 
liquid helium is used, the boundary conditions axe not of simple convection 
cooling, but of combined convection cooling and heat transport by thermal 
conductivity. At the low temperatures necessary to induce superconductivity 
in aluminum, liquid helium becomes a two phase fluid. One part of the fluid 
behaves normally, and the other part becomes a viscosity free (resist an celess) 
fluid called a superfluid. Not wishing to model the physics of the superfluid, 
as the focus of the present work is to model thermally coupled superconductor 
behavior, a simple, arbitrary heat convection boundary term was adopted. 
For this boundary term, it is assumed that the conductor is in a normal 
state, the current density j, the resistivity u>, and the thermal conductivity k 
are constants across the whole domain of the conductor, and the difference 
between the surface temperature T s and the cooling fluid does not drop below 
one hundreth (.01) of a degree Kelvin. 

The temperature of the cooling fluid Tx> is known and, together with 
the current I, is one of the two independent loading parameters that are 
varied in the computational analysis of coupled phase-thermal-EM systems 
presented in later chapters. The maximum values of I and T s are used to 
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choose the value of h conv . These values represent the state of the system 
where the greatest amount of heat transfer occurs. The above choice of 
state ensures that, by use of the formula for h conv presented below, heat is 
always being removed from the conductor by the cooling fluid and that the 
conductor never cools the fluid instead. To simplify the determination of 
h conv , an overall energy balance approach is used below (e.g., see [33, p.92]. 
In the steady state, or time-independent system, the heat energy produced 
by the conductor must equal the amount of heat energy removed by the 
cooling fluid. For the one- dimensional conductor this is 

r z j rr c pzj 

2tt I / uj]rdrdz = 2nr c / h conv (T a — Tx,) dz (4.2.4) 

J Zi Jo Jzi 

For a one-dimensional conductor with constant current density, j z = //7rr c 2 . 
Substituting this expression for j z into (4.2.4), and using all prior assump- 
tions, produces the following expression for h conv . 

hconv — 507r -2 r c -3 a>/ 2 (4.2.5) 

For this equation, u> is evaluated at T s which equals + .01. This choice 
for u> generates the largest possible amount of heat in the conductor for the 
two loading parameters. 

4.3 THERMAL PROPERTIES OF ui. 

Like the thermal conductivity, two primary mechanisms participate 
to produce a resistance to EM energy transport. For this type of energy 
transport, the electron-phonon interaction predominates again, but only 
dominates at high temperatures (above ~ 20° K). Unlike the thermal prob- 
lem, lattice imperfections can contribute enough to the resistance of EM 
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energy transport that they must be accounted for. The first type of inter- 
action is accounted for by the ideal resistivity of a material. The second 
interaction is accounted for by the residual resistivity of the material. The 
total resistivity is thus the sum of the residual and ideal resistivities 


where and u; 0 are the ideal and residual resistivities respectively. 

Usually, the residual resistivity is a property of the particular sample 
and is determined by experiment. The value used in the numerical examples 
contained herein is given at the beginning of the previous section. The 
following discussion of ideal resistivity is a summary of material presented 

in Refs. [37] and [39]. 

The ideal resistivity can be expressed as 



where K is a material constant, Tr is the Debye temperature as determined 
by resistance methods, and J*> is 


J 5 



z 5 dz 

(e z — 1) (1 — e _z ) 


(4.3.3) 


This is the Bloch-Griineisen formula for the ideal resistivity of a material 
[37, pp. 189- 190]. For materials at low temperatures, i.e., Tr/T > 1, the 
upper bound on can be extended to infinity with little error. Integration 
by parts of (4.3.3) with this new limit produces 


^5 (x) - e x _ i 


+ 5 


f 


- dz 


o 


e 2 — 1 


(4.3.4) 
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The first term evaluated at the limits is zero and the second term is 5! x 2(5) 
where Z(n) represents the Riemann zeta function of argument „ and 512(5) 
is approximately equal to 124.4. Equation (4.3.2) becomes 

^ 124 ' 4R ® 5 ( 4 - 3 . 5 ) 

It has been observed experimentally, that for low temperatures, u. is proper. 

tional to T 5 [37, pp.190-192]. This validates the general behavior of (4.3.5) 

For reasons too lengthy to be discussed here (see Ref. [371, PP . 182 - 202 ), 

(4.3.2) and (4.3.5) are only good approximations to the ideal resistivity of 

a material. To bring the formula closer to experimental values, U can be 

replaced by an espression quadratic in T [40, p.470j. Equation (4.3.2) now 
becomes 

«.'=(«, +C,r + ftn (£)*(£) (4.3.6) 

where Co, C, and C 2 are constants determined from experimental data. 

4 ' 3 '‘ OF CONSTANTS FOB 

The value for T r is documented as 395» K [39, p.100, 37, p.192]. The 
values for H or C„, C,, and C 2 were not found after an extensive literature 
search. Some constants related to C„, C u and C, were found in Ref. [40J. 
Rather than converting these constants, it was decided to do a curve fit of 
the experimental data in the previously cited reference to determine the de- 
sired constants. The software package Mathematica was implemented using 
the “Fit” option. It was discovered that C„, C„ and C 2 are not constants 
but parameters dependent upon the annealing temperature, T A . Curve fits 
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with these parameters assumed to be quadratic functions of T A returned the 
following formulas: 

5£o (7 a) = 0.0669523686343453 + 0.0000630613527516756374 

- 1.320389349752735 x 10~ 7 Xj 

(T a ) = -0.001133598163601825 + 0.000006634622902885976 74 

- 7.731210566579611 x 10" 9 J A 

(T a ) = 0.000003186103199486918 - 1.840858520126625 x 10 -8 T A 

+ 2.147449451671961 x 10~ n T\ 

(4.3.7) 

These empirical formulas agree within 5% when compared with the experi- 
mental data of Ref. [40] over the range of 2.21-273.16° K. For the numerical 
examples presented in later chapters, it is assumed that these values can be 
used down to ~ 0° K with about the same accuracy. This assumption is 
justified because experimental observation shows that in this temperature 
range the residual resistivity is the dominant contribution to the total re- 
sistivity. Five times the value of each constant is presented in the above 
formulas. This removes a factor of five from the function J7s and simplifies 
of the calculation of J 5 . The determination of J 5 is discussed in the next 
subsection. The value of the annealing temperature used for all numerical 
experiments was 548.16° K. 

4.3.2 NUMERI CAL APPROXIMATION TO THE INTEGRAL .7*. 

In order to obtain valid values for uij , it is also necessary to have a 
valid numerical approximation to J$. Although the numerical results pre- 
sented herein lie in the range where Tr/T 1, where the approximation of 
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equation (4.3.2) is valid, in the interest of additional accuracy, J*, is evalu- 
ated numerically between its actual limits. The evaluation of between its 
actual limits also ensures valid results for cj t - should the solution procedure 
inadvertently step into a range where 7" r /T is no longer much greater than 
one. 


The range of interest for most of the the author’s applications of the 
Bloch-Gruneisen formula lies between absolute zero and about one hundred 
degrees above absolute zero. In this range, numerical approximations to the 
integral in (4.3.3) converges slowly. To improve the rate of convergence, an 
equivalent expression is substituted that is composed of the difference of two 
integrals. Formally, this expression is 

z 5 dz 

(4.3.8) 


Js(x)= j 

Jo 

-s: 


(e*-l)(l-e-*) 


>dz r 

(l-e-*) J x 


' dz 


(e z — 1) (1 — e~ z ) 


( e * — 1) (1 

The first integral, as noted before, is simply 5!Z[5], where Z[n ] represents the 
Riemann zeta function of order n. An approximation, good to sixteen deci- 
mal places, as determined by the software package Mathematica for 5!Z[5], 
is 124.4313306172044. This is the value used for the numerical experiments 
contained in this work. Integration of (4.3.8) by parts produces 

_4 


J 5 (x) = 5!Z[5] + 


z 5 r r 

7I . -*{. 

= 5 , z[5| __£l_^£ 


e z - 1 


-dz 


(4.3.9) 


-dz 


e z — 1 

The ’ ^gral in the above equation is known as a Debye function. Abramowitz 
and Stegun [41, p.998] give the asymptotic approximation to this integral as: 

f°° z 4 ^ nT f x 4 4x 3 12x 2 24x 24} 

/ 7 dz = Ye~ nx { — + — + — + — + — } 4.3.10) 

J x e z — 1 “ ( n n 2 n s n 4 n 5 J 
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A thirty term series approximation was used in the numerical experiments 
presented in this work to evaluate the Debye function. This number of terms 
enabled the finite element coding to match the Mathematica software results 
for Ui to sixteen decimal places. 

For the author’s numerical experiments, the temperature is evalu- 
ated at the nodal points of each element. This is a consequence of the C° 
continuity of the variational functionals presented earlier in this chapter. The 
problem presented by this formulation is that u) for each element is only C ~ 1 
continuous. To overcome this difficulty, it was decided to evaluate u> at each 
node, and calculate the mean of the two returned values. This mean value 
is used as the resistivity of the element. This ensures that a true mean for u> 
over the element is represented. If the mean temperature is used instead, the 
resultant value for o> does not represent a true mean because, at low tem- 
peratures, u>i is proportional to T 5 . The mean value that is used assumes 
that u >i varies linearly over an element whereas the second does not. The 
assumption of a linear variation here is consistent with the linear variation 

of all other independent variables of variational functionals presented in this 
work. 

4.4 THERMAL DEPENDENCE OF a. /?. AND 

The thermal behavior of the time-independent superconductor is 
governed by the material parameters a. and ft . For numerical purposes, it 
was found that it was also necessary to know the thermal behavior of |V>oo| 2 - 
Equation (3.2.30) of the previous chapter shows that a and p are both func- 
tions of A e ff and B c . Doss gives the empirical thermal dependence of B c as 
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[38, p.65] 


B C (T) = B C ( 0) 



(4.4.1) 


He also gives the semi-empirical approximation for \ e ff as being [38, p.52] 


A«//(T) = A e// (0) 




(4.4.2) 


where A e //(0) and B c (0) axe semi-empirical constants that represent the 
effective penetration depth and critical magnetic field when the temperature 
of the system equals zero. For high- purity well-annealed aluminum, B c (0) 
equals 99 gauss [42, p.5] and A e //(0) is equal to 500 angstroms [42, p.39]. 
Substitution of (4.4.1) and (4.4.2) into (3.2.30) gives 


a= i_£ c ( 0 ) 2 A e// (0) 2 


m 


1 - (T/%f 


0=^B C (O) 2 X t ff ( 0) 4 

m* 


i + (T/T e y 

i 


1 2 


(4.4.3) 


i + {T/r c y 


Equation (3.2.27) gives the relation that IV’ool 2 equals a/0. Substitution of 
(4.4.3) into this equation gives the thermal dependence of IV’ool 2 , which is: 


IV’oo (T) | 2 


m* 

v 0 q * 2 


A e //(0) 2 



(4.4.4) 


Note that as T approaches T c , the critical field goes to zero. The 
physical interpretation for this behavior is that any field at T c causes a col- 
lapse of the superconducting phase in a conductor. This corresponds to the 
actual physics of a superconductor. The parameter IV’ooi 2 a l so goes to zero 
as expected. The parameter X e /f approaches infinity however. The physical 
interpretation of this result is that the penetration of the magnetic field into 
the conductor is complete, again in accordance with physical observation. 
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4.5 SUMMARY. 


In this chapter, the variational functionals that describe two meth- 
ods of heat transfer, conduction and convection, are presented. Important 
assumptions about these functionals are that the thermal conductivity k and 
the heat generation terms q, are functions of the spatial coordinates when 
used with these functionals. The thermal dependence of k and u axe also dis- 
cussed, and appropriate numerical approximations for both parameters are 
also presented. Physical constants necessary to the determination of these 
parameters for the test material used in this work, high purity, well- annealed 
aluminum, are also given. 

An important assumption about the determination of the value of u 
for finite element analysis is also made. In a previous chapter, it was already 
determined for the specific form of the four-potential formulation chosen for 
numerical analysis that w bea step function across an element. In order to 
evaluate u>, the temperature T must be known. The thermal functionals of 
this chapter returns two values of T for each element, leaving two choices 
of how to determine an appropriate value of u for each element. The first 
choice is to use the mean value of the two nodal temperatures to determine 
the elemental uj : 


= U 0 + 


qr( e ) I q-{ e ) ' 

» ^ i 


The second choice is to evaluate u at both nodal temperatures and use the 
mean of these two cj’s for the elemental value of ur. 


u.W=a , 0 + i{u,,(7; ( '') + ^(7, ( '>)} 
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The latter approach is used here because it more accurately represents the 
mean value of u> for an element. 

In the discussion of the one- dimensional forms of the heat function- 
als, it is shown that, for a one-dimensional steady state superconductor, the 
temperature T is a constant across the domain of the conductor. This re- 
sult is important for two reasons. First, knowledge of the values of k and 
hconv f°r the superconducting state are not necessary and computational ef- 
fort need not be expended to determine them. Second, since T is constant 
across the domain, no numerical analysis is required to find the temperature 
distribution in the conductor. 

With the completion of this chapter, all the necessary tools have 
been developed for the finite element treatment discussed in Chapters V-XI. 
These chapters show specifically how to construct specific elements based on 
the four-potential variational principle and their application to the solution 
of thermal, EM, and quantum phase change problems. 


CHAPTER V 


THE CLEM1D FINITE ELEMENT 
The first finite element example of the use of the four-potential 
method for determining EM fields is the simplest. It is the example dis- 
cussed in Section 2.3, an infinitely long, straight conductor of circular cross 
section which carries a known, time-independent, uniform current in the lon- 
gitudinal direction. For comparison purposes, the analytical solutions of A z 
inside the conductor and in free space are discussed first. 

5.1 ANALYTICAL SOLUTIONS TO THE TEST PROBLEM. 

5.1.1 THE FREE SPACE MAGNETIC FIELD. 

In Cartesian coordinates the radial component of the magnetic vec- 
tor potential in free space can be calculated from the expression (see, e.g., 
[14,26,27,28,43]) 

A * = ! rfri dV (5.i.i) 

4 7T Jy |r| 

where |r| is the distance between the elemental charge j z dV and the point in 
space at which it is desired to find the field potential. The integral extends 
over the volume containing charges. This expression serves equally well in 
cylindrical coordinates. In fact, the transformation r ~ components is one 
to one if the center of the coordinate systems coincide. 
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As noted previously, the only non-vanishing component of the cur- 
rent vector is j z dV i where dTi is the elemental cross sectional area of the 
conductor r dr d9 and j z is the current density in the 2 direction. If d£ repre- 
sents the differential length of the wire, then j z dV = j z dTi d£ = I d£ = I dz 
and |r| = v'V 2 + z 2 . Substitution into (5.1.1) yields 

dz 




vV 2 + 


(5.1.2) 


This integral diverges, but this difficulty can be overcome by taking the wire 
to have a finite length 2 £, symmetric with respect to the field point, that 
is large with respect to its diameter. Integrating between —C and +C gives 
the result 

r+£ dz __ fi 0 I 
- c y/P* + z 2 47T 




In (2 + \fr 2 + 2 2 )| + ^ (5.1.3) 


Expanding this equation in powers of rf C and retaining only first-order terms 
gives 

Az = ~ ("|r) ln r + Cx (5.1.4) 

where C x is an arbitrary constant. For subsequent developments it is con- 
venient to select Ci = (fi 0 I/2n) lnr$, where r% is the ''truncation radius” of 
the finite element mesh in the radial direction. Then 




(5.1.5) 


With this normalization, A z = 0 at r = r ( . Taking the curl of A gives the 

B field in cylindrical coordinates: 

1 dAr _ aAg 
~dT 

oz or 

1 djrAo ) _ i dAr 
r dr r-ffi- 



f*r] 

| 

B = Vx A = < 

B e 



\b z \ 

< 


► = < 

Li 

1 

j 

l 0 J 


(5.1.6) 
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It is seen that the only non-vanishing component of the magnetic flux density 
is 


Be = HqHq = 


dA z no I 


dr 2 tt r 

This expression is called the law of Biot-Savart in the EM literature. 


(5.1.7) 


5.1.2 MAGNETIC FIELD WITHIN THE CONDUCTOR.. 

Again restricting our consideration to the static case, Maxwell’s 
equations in their integral flux form give 

H • ds = y /i -1 B • ds = J j • n c e£T (5.1.8) 

where C is a contour around the field point traversed counterclockwise with 
an oriented differential arclength ds and n c dr is the oriented surface element 
inside the contour. The term for the electric field disappears in this analysis 
because E = 0. From before, it is known that the right hand side of (5.1.8) 
is equal to the normal component of the current that flows through the 
cross sectional area evaluated by the integral. In the free space case, this is 
the total current that flows through the conductor. But in the conductor the 
amount of current is a function of the distance r from the center. Again using 
I to represent the total current carried by the conductor, and r c the radius 
of the conductor, and assuming an uniform current density j z = I /(Trrj ), 
the right hand side of (5.1.8) becomes 


(51 ' 9) 

Evaluating the left hand side of the integral and solving for Bg gives: 

" 2 fil r 


2irrn l B e = I—, B e = 


2irr^ 


(5.1.10) 
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Comparing this equation with (5.1.5), it is seen that if /x = /x 0 then Bg is 
continuous at the wire surface r = r c and has the value fi 0 I/(2Trr c ). But if 
/x 7 ^ /x 0 there is a jump (/x — /i 0 )//(27rr c ) in Bg. 

The magnetic potential A z within the conductor is easily computed 
by integrating — Bg with respect to r: 


A z 


/x/ r 2 
47rr^ 


+ Ci 


(5.1.11) 


The value of C\ is determined by matching ( 5 . 1 . 5 ) at r = r c , since the 
potential must be continuous. The result cam be written as 




-/z ° ln (r0] ' ( 5112 ) 


The preceding expressions (5.1.5), (5.1.12) for A z can be verified as being 
correct by substituting them directly into the Euler equation of ( 2 . 3 . 11 ). 


5.2 FINITE ELEMENT DISCRETIZATION. 

5.2.1 CONSTRUCTING EM FINITE ELEMENTS. 

To deal with this particular axisymmetric problem a two-node “line” 
finite element is sufficient. This provides the C° continuity for A z that the 
variational formulation requires. In the following, individual elements and 
element properties are indentified by the superscript (e). The two element 
end nodes are denoted by the subscripts i and j. The magnetic potential A z 
is interpolated over each dement as 


A, = NA ( /* 


(5.2.1) 
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Here the row vector N contains the isoparametric finite element shape func- 
tions for A z . The elements of N are only functions of the isoparametric 
parameter f which varies between -1 at node i and +1 at node j. The shape 
functions are 

N = t ( 1 - £ 1+0 (5.2.2) 

The shape functions are functions of the spatial variable r and the defining 
relation between r and N is 


f r^ e) 1 

r = N | r ( e ) j = Nr (e) (5.2.3) 

A ( z e} contains the nodal values for A z and are only functions of the time t , 

Al>) = { } < 5 - 2 - 4 > 
Substitution of these finite element assumptions into the previously derived 

Lagrangian, Equation (2.3.9), and then into Equation (2.2.14), yields the 
variational integral as the sum of elemental contributions R = E e i2 (e \ where 


R (e} 



^_A (e)T — r — 
* dr dr 



(5.2.5) 


The nodal values A^ e) are constant with respect to time because this is a 
steady state problem. Therefore, the integration with respect to t disappears. 
Taking the variation with respect to the element node values of gives 


6R^= f dV^SA ( z e)T [ — 1 — T — A (e) - N t 7 ( 

Jv(‘ ) z \ n (e) dr dr z Jz 

This can be written more simply as 


(5.2.6) 


K 


" (£) u (e) 


= P 


(e) 


(5.2.7) 
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where 

K w(e) = f dV (e) 

Jv(') 

p( e > = [ dV^ {N r ji e) } (5.2.8) 

Equation (5.2.7) is purposely written in a notation resembling the stiffness- 
force equations of statics. represents a stiffness matrix derived from 

a potential energy variational formulation, the nodal displacements and 
p( e ) represents the external force vector. This form clearly illustrates that so- 
lution and assembly techniques developed for finite element mechanics prob- 
lems can be used to solve four- potential based EM field problems. 


1 dN 




( e ) dr 


'dN\ 

dr ) 


u (e) = A ( r e) 


5.2.2 APPLYING BOUNDARY CONDITIONS. 

The finite element mesh is necessarily terminated at a finite size, 
which for this test problem is defined as the truncation radius r t alluded to 
in Section 5.2. In order to make the boundary integrals of R vanish, it is 
necessary to look at the boundary integrals of (2.3.11). In the finite element 
formulation, the discretized version of these integrals is 




dA z 

dr 


(5.2.9) 


where dT 2 is again dSdz, and A I ‘ 1) and represent the nodal values 

for A z at r = 0 and r = r t respectively and numel is the total number of 
finite elements. Simple observation shows that the first boundary integral 
vanishes at r equal to zero. To make the other t^m vanish, the nodal value 


for A z at r equal to r t can be constrained to zero. This is the essential 
boundary condition used for this particular problem. 
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5.3 NUMERICAL EXPERIMENTS. 


5.3.1 THE FINITE ELEMENT MODEL. 

The test problem consists of a wire conductor of radius r c trans- 
porting a unit current density. For this problem, the finite element mesh 
is completely defined by specifying the radial node coordinates for each ele- 
ment e as r^ e) = and rj e) = r^. If the mesh contains N wire elements 
inside the conductor, those elements are numbered e = 1,2, ... N W i re and 
nodes are numbered n = 1,2, ... N wire + 1 starting from the conductor 
center outwards. The first node (n = 1) is at the conductor center r = 0 
and node n = N w i re + 1 is placed at the conductor boundary r = r c . The 
mesh is then continued with N / ree elements into free space to give a total of 
N w ire + Nf ree + 1 nodes and N w ire + iV/ ree elements. This type of mesh for 
EM field simulation is unique to four-potential based numerical methods. A 
single node is needed at material interfaces to model fields as opposed to the 
double nodes of field based simulations. 

For the calculation of the element stiffness and force vectors, the 
material permeability fj. and current density j z are uniform over the element. 
Analytical integration over the element geometry gives 


K 


u (*) 


(e) («) 
' m 

/(e) 


1 -1 

-1 1 


> (£) = iJ 


„ji (*•!•’ +*>) 


(5.3.1) 


where r ^ is the mean radius of the element and = 

- r, (e) the element radial length. For the test example, // (e) is a constant 
inside the conductor whereas outside, /i (e ) is assumed to be unity. For the 
analytical solution of Section 5.1.1, this requires that //„ be replaced by one. 
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The longitudinal curent density is j z = I/(irr *) inside the conductor whereas 
outside j z vanishes. 

The master stiffness matrix and force vector are assembled following 
standard finite element techniques. The only essential boundary condition 
requires setting the nodal potential on the truncation boundary to zero, as 
explained in Section 5.2.2. The modified master equations are processed by 
a conventional symmetric solver, which provided the value of the magnetic 
potential at the mesh nodes. The magnetic flux density Bo, which is constant 
over each element, is recovered in element by element fashion through the 
simple finite element approximation 


R (e) _ 
B d — 


dA z 

dr 


dN 

dr 


Al e) = 


A z \ e) - , 
/(e) 


(e) 


(5.3.2) 


This value was assigned to the center of each element e for plotting purposes, 
although it is a step function due to its C~ l continuity. 


5.3.2 NUMERICAL RESULTS. 

The numerical results shown in Figures 5.1 through 5.6 pertain to a 
unit-radius conductor (r c = 1), with the external mesh truncated at r t = 5. 
The element radial lengths, were kept constant and equal to .25, which 
corresponds to four internal and sixteen external elements. 

The computed values of the potential A z are compared with the 
analytical solutions of Sections 1.1.1 and 1.1.2. As can be seen, the agreement 
between analytical and FE values is excellent. The comparison between 
computed values of the magnetic flux density B$ shows excellent agreement 
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except for the last element near the wire center, at which point the FE 
approximation (5.3.1) loses accuracy. 

Figures 5.1, 5.3, and 5.5 are for the case where fi wire was 10.0, and 
Figures 5.2, 5.4, and 5.6 are for the case in which n wire was one, that is, the 
same as the space surrounding the wire. Figures 5.1 and 5.2 show computed 
and analytical magnetic potentials. The slope discontinuity at r = 1 in 
Figure 5.1 and the jump in B« in Figure 5.3 are a consequence of the change 
in permeability /i when crossing the conductor boundary. Figures 5.3 and 5.4 
show the computed and analytical magnetic flux densities. Figures 5.5 and 
5.6 show the computed and analytical magnetic flux densities in free space in 
more detail. Note that Figures 5.5 and 5.6 for r > 1 are identical; this is the 
expected result because as shown in Section 5.1.2, the free space magnetic 
flux field depends only upon the current enclosed by a surface integral around 
the wire and not on the details of the interior field distribution. 

In summary, this finite element performed very accurately in the 
example problem and converged, as expected, to the analytical solution as 
the size of the elements decreased. 
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0.000 1.000 2.000 3.000 4.000 5.000 

Radial Distance 

* Finite Element 
□ Analytical 

Figure 5.3: B$ vs. r, n wxre — lO.O.Values shown on the interface r — 1 with 
dark symbols have been extrapolated from element center values 
to display the jump more accurately; this extrapolation scheme 
has not been used elsewhere. 
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Figure 5.4: Bq vs . r, /J. wire = 1.0. 
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Figure 5.5: Figure 5.3 for r > r c =1, fi w i re = 10.0, showing free space Be 
field in more detail. 
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5.4 SUMMARY. 

In this chapter, the case of a simple one-dimensional infinite wire 
is tested. To perform this test, the linear functional of Section 2.3 is dis- 
cretized using standard FE techniques and appropriate boundary conditions 
are determined. When the discretization is complete, it can be seen that the 
governing equations are of a standard form and present no problems to the 
use of standard FE solvers for linear systems. 

Analytical solutions for the one-dimensional axisymmetric infinite 
conductor are also derived in this chapter. Presented in this chapter are 
graphs that compare results obtained from these analytical solutions and 
from the FE model. The two solutions are in excellent agreement except at 
the center of the conductor thereby validating the use of the four-potential 
method for the determination of EM fields. Most importantly, the four- 
potential method accurately predicts the B field across material interfaces 
without any special boundary treatment, unlike the conventional field based 
methods. 

In the next chapter, the case of a two-dimensional problem with 
similar boundary conditions and a known current density is explored. The 
extension of the four-potential method to the two-dimensional case is done 
to offer further proof of the validity of this method for EM field analysis. It 
is also performed in order to show the effect of the Lorentz gauge, as the 
gauge effects disappear in the one- dimensional steady-state example. 



CHAPTER VI 


THE CLEM2D FINITE ELEMENT 
In this chapter, the four-potential FE element for axisymmetric two- 
dimensional problems is developed. The new elements show the relatively 
easy extension of the four-potential method through the use of Lagrange 
multiplier adjunction to a broader class of problems. This element was tested 
for two different geometries, a one-dimensional infinite conductor, and a 
cylindrical “can” connected to two infinite feed wires on the top and bottom. 

For both geometries, the current density j is known, and the static 
charge density p is zero. The first geometry is the same as that of Chapter 
IV, and is used to provide a check on the element calculations. The second 
geometry is chosen to allow for a variation of B in more than one direction. 
For this geometry, there is no analytical solution, but the results can be 
examined to determine if they are physically realizable. For this reason, this 
chapter begins with a discussion of the construction of the two-dimensional 
axisymmetric finite element. 

6.1 FINITE ELEMENT DISCRETIZATION 

In the previous chapter, the ungauged Lagrangian (2.2.13) is used 
to construct one-dimensional axisymmetric finite elements. In th nresent 
chapter, the four-potential method is extended to include two-dimensional 
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axisymmetric problems. In doing so, the basic four-potential does not nec- 
essarily satisfy the gauge condition (2.1.10) a priori and consequently, the 
gauged form of the four-potential (2.2.15) must be used. 

6.1.1 CONSTRUCTING EM FINITE ELEMENTS. 

For the finite element discretization of the two-dimensional case, 
quadrilateral axisymmetric elements defined by their geometry on the r-z 
plane are constructed. These elements axe isoparametric with corner node 
points only. Additional construction details are provided in a later section 
of this chapter. 

In the following, individual elements and element properties are 
again identified by the superscript e in parentheses. The element nodes 
are locally numbered i = 1 ,. .. n, where n is the number of corner nodes 
(n = 4 for quadrilaterals). The magnetic potential components, A r , Ag and 
A z are interpolated over each element as 

A r = NAj. e) A«=NAi e) A* = NA< e) (6.1.1) 

Here the row vector N contains the isoparametric quadrilateral shape func- 
tions, which are only functions of the radial and longitudinal coordinates r 
and z 

N = ( Ni(r, z) N 2 (r,z ) jV 3 (r,z) N 4 (r,z)) (6.1.2) 

and column vectors A< e) , A { g \ and A ( z e) contain the nodal values of A r , Ag 
and A z respectively, which are only functions of the independent variable t 
K e) = (A rl (t) A r2 (t ) A r3 (0 A r4 (t ) ) 

A^ e) = (A < , 1 (t) A 92 (t) Ag 3 (t) Ag 4 (t) ) 

Aj ^ = -^z 2(0 -^13(0 -^24(0) 


(6.1.3) 
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where, as in the one- dimensional time-independent case, the nodal values 
for A ( r '\ A^ and A^ become constants. Substitution of the above as- 
sumptions into the previously derived Lagrangian, Equation (2.4.1), and 
integration over the volume of the element yields the variational integral as 
a sum of element contributions R = T, e R^ e \ where 


R (e) = [ dV (e) 

Jvm 


l V dz r 


( 

+A » t) ' (;|K)) (&H 

- (j< e >NA<. e) +iJ e) NAi e) +ji e) NA< e) ) 

+ X ’ ((r Jr A '* 1 + ^ A< *' ) ) } 


®* A <«> _ «V> 

dz r dr z 


A («) , A ^dN T dN (e) 

A o + 9 dz dz 9 


(6.1.4) 


and again denotes the volume of the element. Varying the above equa- 
tion with respect to the element node values Aj. e ^ produces 


«• 01 K)) - «•’ 


(6.1.5) 


/ e \ 

Taking the variation of (6.1.4) with respect to A^ gives 




( 6 . 1 . 6 ) 
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and taking the variation of (6.1.4) with respect to produces 

rTaTVT dN r dN 


= jM-H A</> T {-L (f f A‘‘> - 


A (e) 
dr dz r 


d N r 

dz 


(6.1.7) 

The variation of (6.1.4) with respect to the last independent variable \ g is 

SR(SX g ) = J v M, ((i|(rN)) A‘*> + f^’) (6.1.8) 

To facilitate a more compact formulation, the introduction of the following 
matrix notation is used for the stiffness matrix 


K 


w(«) 


K< e > 


A r A r 


K (e) ArA , K' c Va 


K(‘) 


(e) 


A$ Aq 


K (e) 


0 

A. A, 


symm. 


K-(e) 

K A,A S 

0 


(6.1.9) 


where 


K U \,a,= [ dv^ (-1 


5N r 5N 


e ) $2 dz 


K (e) 




= X5 lt, ^((^K))(^ (rN) 


+ 


5N r 5N 

C ?2 £?2 


K< e > 


dV (e) A, 


5n 


- Lar ,)x ’ 0£ M) - * 


K<“) 


1 dN r dN 


A Z A Z — 




(e) 5r 


K< e > 


A r A, = 


f dv ^ 

J v rJ l /x(‘> 52 5r 


( 6 . 1 . 10 ) 
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The following vector notation is also introduced to give a more compact 
formulation. 



( 6 . 1 . 11 ) 


Using the new notation, it is apparent that the finite element system can 
be again written in the form of the stiffness-force equations of statics, 
K = p( e ). Assembling these equations in the usual manner will 

produce the discrete finite element equations of magnetostatics, K w u = p. 


6.1.2 APPLYING BOUNDARY CONDITIONS. 

In Section 5.2.2 it is seen that by constraining A z to be zero at r = 
r t , the boundary integrals for 8A Z vanished. Examination of the boundary 
integrals for 8A Z in the two-dimensional case, as shown earlier in Equation 
(2.4.6), show that utilization of the one-dimensional constraint will again allow 
both integrals over to vanish. The physical interpretation of this phe- 
nomena is that at a large enough distance from any axisymmetric conductor, 
the field should always be the same as that of a straight wire independent 
of the conductor geometry. This will occur because at a sufficiently large 
distance, any effects, such as the end effects of the “can” of the second test 
example, will decay to zero. 

Symmetry conditions also require that dA z /dr equal zero at r = 0. 
This is most easily achieved by constraining dA r /dz to zero at r = 0 because 
dA z / dr = dA r /dz there. Constraining A r at the axis to zero f ulfi lls the 
symmetry requirement. Also constraining A r to zero at z equal to the upper 
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and lower mesh boundaries will make the boundary integrals of Equation 
(2.2.2) disappear. 

The application of these boundary conditions removes the rank de- 
ficiencies of the assembled master stiffness matrix. They are not the only 
boundary conditions that will work, as examination of Equations (2.4.2), 
(2.4.5) and (2.4.6) show, but they are the easiest to derive, being based upon 
simple physical and mathematical arguments. These are the boundary con- 
ditions that are used for the two-dimensional examples presented herein. 

6.2 NUMERICAL EXPERIMENTS 

6-2-1 THE FINI TE ELEMENT MODF.T. 

The finite element formulation described in the previous section has 
been applied to the solution of the two test examples described at the begin- 
ning of this chapter. Both problems are treated with quadrilateral elements. 
Each quadrilateral element has four corner points and one interior node. 
These nodes are defined by their radial and axial positions r, (e) and ;, (e) . At 
each corner *, there are three degrees of freedom, namely A rt , A zi . From 
these values, the potential components are interpolated with the standard 
bilinear shape functions, which provide the continuity required by the 
variational formulation. The centroidal node carries no physical significance 
and is used solely to provide the extra degree of freedom assigned to the 

Lagrange multiplier A s (e) . Thus each quadrilateral element has 4 x 3 + ] = 

13 degrees of freedom. 

For the calculation of the element stiffness and force vectors, it is 
assumed that the permeability „«> and the current densities are uniform over 
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each element. The desired stiffness matrix and force vector are calculated 
by numerical quadrature using Gauss formulas. The portion associated with 
the potentials is always evaluated with the 2x2 rule. On the other hand, 
three different schemes were tried on the entries associated with \ g . 

Full Integration. The same 2x2 rule as for the potentials is used. 

Selective Integration. A one-point rule is used for K ( ^ Af and K ( A ] Xg . 

Zero Integration. The effect of \ g is ignored by omitting the integration of 
the associated terms and placing ones on the diagonal. This numerical device 
effectively forces \ g = 0, and thus “releases” the gauge constraint. 


6.2.2 ASSEMBLY. SOLUTION AND FIELD RECOVERY. 


The master stiffness matrix and force vector are assembled follow- 
ing standard finite element techniques. The boundary conditions are set as 
explained previously. The modified master equations modified for bound- 
ary conditions are processed by a standard symmetric skyline solver, which 
provides the value of the potentials at the mesh nodes. 

The physical quantities of interest axe not the potentials but the 
magnetic flux density B. This is calculated by discretizing the curl of A. 
Since dA/dO = 0, the magnetic fields become, after discretization, 



dN *(«) 

I dN A (*> _ dN_A (e) 
- 1 -&r A r 

i agN A («> 


To 




( 6 . 2 . 1 ) 


The nodal values for B are obtained by evaluation at the Gauss point followed 
by extrapolation to node locations. The average of these quantities is also 
reported as the centroidal value. As discussed below this value is found to 
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be more accurate than interelement- averaged node values. Consequently the 
centroidal value is used to report results. 

For both test problems, the magnetic permeability /i (e * = n wtre was 
constant inside the conductor whereas outside it the free-space permeability 
p( e ) = fif ree was assumed to be unity. The current densities were assumed 
to be uniformly distributed and consequently were calculated by dividing 
the assumed total current flowing through the conductor by the total cross- 
sectional areas of the conductors. 

6.2.3 PROBLEM 1: A CONDUCTING INFINITE WIRE. 

The first test problem is identical to that reported in the previous 
chapter with a one-dimensional axisymmetric discretization. As shown in 
Figure 2.1, it consists of a wire conductor of radius r c transporting a total 
current of I = 1 ampere in the z direction. This current was assumed to 
be uniformly distributed over the wire cross section. For this problem one 
layer of quadrilateral elements in the z direction, extending from z = 0 
through z = d, was sufficient; here the distance d was chosen arbitrarily. 
The radial direction is discretized with N w i re elements inside the wire and 
N f ree elements outside the wire in free space. The mesh is terminated at a 
“truncation radius” r t r c where the potential component A z is arbitrarily 
set to zero. Other boundary conditions are A r = 0 on the nodes at r — 0, 
z = 0 and z = d. 

The results obtained with r t = 5 r c , N w i re = 4 and N f ree = 10 for 
the potentials are identical to those reported in the previous chapter, thus 
providing a check on the element calculations. The same results were also ob- 
tained with the three integration schemes noted above for the \ g term, which 



92 


verifies that the Lorentz gauge constraint (2.1.10) is automatically satisfied 
by the finite element shape function for one-dimensional magnetostatic fields. 

The computed magnetic flux density Bo at node points was not as 
accurate as could be expected, generally being too large, especially at r = 0. 
The centroidal values, on the other hand, were considerably more accurate 
as regards matching analytical results. Thus for the second problem field 
values at the element centroids are reported. The extrapolation of B to 
nodal locations is a disadvantage of the four-potential variational approach. 
Field based formulations can compute the value of the B field directly at the 
nodal locations while the four-potential method cannot. 

6.2.4 PROBLEM 2: A CONDUCTING! HOLLOW CAN. 

The second test problem, shown in Figures 6.1 and 6.2, brings two- 
dimensional features. It is a hollow conducting cylindrical “can” with infinite 
feed wires connected to the center of its top and bottom faces. These wires 
carry a total current of I = 1 ampere in the +z direction; this current 
was assumed to be uniformly distributed over the varying cross sections it 
traversed. For the ends of the can, it was assumed that the current flowed in 
the ±e r direction, forcing j e to be zero. For the areas where the feed wires 
join the “can”, and the corners of the “can”, it was assumed that the current 
turned ninety degrees and was uniformly distributed. This assumption is 
unrealistic physically, but warranted for the mesh used in this test problem. 
The mesh choice is discussed below. The wire radius r c and the can wall 
thicknesses were assumed to be identical. 

Because of the symmetry of the problem it is sufficient to model only 
the upper half 2 > 0. The results presented here were obtained by using a 


current I 



Figure 6.1: Cross-section of two-dimensional axisymmetric case. 
Cross-section taken through z axis. 
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25 x 25 element mesh of square elements. Within this mesh, the wire as well 
as the can walls were modeled with only one element across the radius or 
thickness, respectively. 

The regular mesh indeed represents an “overkill” for the free space 
while it is insufficiently refined to capture field distribution details inside and 
near the conducting material. This mesh was actually chosen to conform 
to limitations of the three-dimensional plotting functions of the software 
package Mathematica. 

The problem was run using full, selective and zero integration 
schemes for the \ g freedoms. The magnetic permeability /i f ree in the free 
space outside the conducting material was chosen as unity. For the conduct- 
ing material two different values for the permeability /j, = fi wire were tried: 
1.0 and 10.0; the latter to check whether flux jump conditions were auto- 
matically accommodated by the potential formulation. Selective results are 
reported graphically in Figures 6.3 through 6.8. Figures 6.3 and 6.4 show 
the magnitude of B e for fi wire = fx free = 1 obtained for the full and zero 
order integration schemes, respectively. Figures 6.5 and 6.6 show these re- 
sults in contour plot form. Figures 6.7 and 6.8 correspond to (j. w i re = 10 and 

show the magnitude of Bq from different viewing points. A discussion of the 
results follows. 

The full integration scheme for \ g performed well outside the con- 
ductor. Results were compared with those of the analytical solution for the 
infinite straight wire (the first test problem) to determine whether they were 
physically reasonable. As v becomes large compared to the can cross dimen- 
sion (towards the outer radial edge of the mesh), the answers agreed. This 
is the expected behavior, because as r goes to oo, the general axisymmetric 
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problem should behave as an infinite straight conductor. As one moved to- 
wards the top of the mesh, the solution again approached that of an infinite 
wire as can be observed in Figures 6.3 through 6.8. This behavior is expected 
because as we move parallel to the wire in the z direction, the effects of the 
current in the can ends should tend to zero and the only far-field effects 
should be from the total current. The results for the magnetic field within 
the feed wire were not accurate as it did not vanish for r = 0; this behavior 
was due to the use of only one element across the radius and the fact that 
only centroidal values are reported as noted above. 

The selective integration scheme gave answers of the same general 
shape as the full integration scheme, but they only agreed to one or two 
significant digits; these results are not shown here as they are hard to dis- 
tinguish in plots. The zero integration scheme (which in fact releases the 
Lorentz gauge coupling), gave solutions for the field that were larger than 
expected at the conductor boundary and a physically unrealizable field in- 
side of the “can”. This field grows sharply as the can axis is approached, as 
shown in Figures 6.4 and 6.6. 
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Figure 6.3: Be vs. r and 2 for /J, w i re = 1. Full integration scheme for X g . 
Intersections of mesh represent element centroids. 
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Figure 6.4: Be vs. r and 2 for fj. wire = 1. Zero integration scheme for X g . 
Intersections of mesh represent element centroids. 







Figure 6 . 5 : Contour plot of Bg vs r and 2 fnr » i 1? 11 • i. 

1 , , „ *, • ana 2 lor /'wire = 1. Full integration 

cheme for A 3 . Numbers on axes represent the number of element 

nT v°no S traVerse ^ rom the cen *er of the “can”. Each element is 
°r 02 Square ' All contours are equally spaced and range from 
mmumum to maximum values of the field. 


Figure 6.6: Contour plot of 1 3g vs. r and z for fi wire = 1-0. Zero integration 
scheme for \ g . Numbers on axes represent the number of element 
centroids traversed from the center of the “can” . Each element is 
.02 x .02 square. All contours axe equally spaced and range from 
minumum to maximum values of the field. 




Figure 6.7: B, vs. r and z for „ ir , = 10. Full integration scheme for A 0 
Intersections of mesh represent element centroids. Note sharp 
held jumps on conductor surfaces. 
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Figure 6.8: The same case as Figure 6.7 shown from a different viewing point 
to emphasize how Be fails to go to zero as r approaches zero 
because of the coarse conductor discretization. 
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6.3 SUMMARY. 

The results of the CLEM2D finite element show that the four- 
potential variational principle can be applied to a broader class of prob- 
lems than the simple one- dimensional axisymmetric conductor. Although no 
analytical solution is available for direct comparison, the physical behavior 
of the numerical results strongly suggest that they are accurate. The only 
point where the results are inaccurate are within the conductor itself. A finer 
mesh grading within the conductor can solve this problem, as results of the 
previous chapter illustrate. 

The only truly unrealistic assumption about the second test prob- 
lem was the assumption of the current density distribution. A physical cur- 
rent will in general not make a ninety degree turn and remain uniformly 
distributed. To address this problem, the CUPLE series of elements was 
developed. Given a known current /, these elements can determine the dis- 
tribution of the current density j as well as the B and E fields. These finite 
element models are the subject of the next chapter. 


CHAPTER VII 


THE CUPLE1D FINITE ELEMENT 
In this chapter, the four-potential finite element for one-dimensional 
problems with an unknown current density vector is developed and tested 
for two examples. Both examples possess the same circular- wire geometry 
shown in Figure 2.1, no static charge density {p — 0), and a known current 
I in the positive z direction. In the first example, all elements have equal 
conductivities. This example gives the same type of fields encountered in 
Chapter V and is used to verify the accuracy of computed solutions. For 
the second example, the element conductivities are allowed to differ. An 
analytical solution to this problem exists and is compared with the numerical 
solution. 


7-1 ANALYTICAL SOLUTION TO THE TEST PROBLEM. 

7.1.1 MAGNETIC FIELD WITHIN THE CONDUCTOR 

The Euler equation for 6\ c of Equation (3.1.11) states 


I = 



(7.1.1) 


This is the law of current conservation. For the examples presented here, it 
is assumed that j z and u > are simple step functions where uj is known and j . 
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is unknown. Using these assumptions, (7.1.1) becomes 

numel * 

I= £ / <«’ (7.1.2) 

where a superscript letter or number in parentheses denotes the element 
number and numel is the total number of elements. The Euler equation for 
SKe of Equation (3.1.11) over each volume disappears because j[ e) and u; (e > 
are step functions. If k is constrained at r = 0 and r = r c , the set of surface 
integrals for 6k 9 of (3.1.11) do not vanish and produces the following set of 
numel — 1 equations relating the j 2 ^ e ^s 

jz (e) U> (e) = j z < e+1 > u/ e+1 > (7. 1>3 ) 

Insertion of (7.1.3) into (7.1.2) gives 

numel * 

I = u J2 j r( ) (a/ 1 )) _1 (7.1.4) 

The above is used to determine and this value is then used with (7.1.3) 
to solve for the remainder of the undetermined j z ^ e ^' s. 

Equation (5.1.8) states 

y^ -1 B • ds = j. n c dr (7.1.5) 

For this example, /ns a constant over the volume of the conductor. This 
assumption is discussed at the beginning of Chapter IV. For the one dimen- 
sional case, the contribution for each j z ^ using (7.1.5) is 

jd (e) H ■ ( e ) 

= 2 Jz r 


(7.1.6) 



where r- e) < r < r( e) and r- e) and r( e) represent the inner and outer bound- 
aries of j z (e) . For r = r\ e \ Bg (e) is zero. Using the principle of linear 
superposition, the total B field is 

< rf 
(7.1.7) 

The value of A I (e) is computed by integrating (7.1.6) over r and taking the 
negative of the answer, which is 

A z ie) = - J Bgdr = -W* (e) j + Co (7-1.8) 

where Cq is again an integration constant. For r\ e ^ equal to zero, Cq is chosen 
as zero. To ensure the C° continuity specified for A z by the four-potential 
variational principle, A z ^ must equal A Z j ^ when both are evaluated at 
rj 1 ) = r( 2 \ This requires that for Aj'p = A z ^\ Cq equal —fj. ^ 

The value of Co for each region where j[ e) changes can be evaluated in a 
similar manner. Doing so will give the following expression for A z 
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7.1.2 THE FREE SPACE MAGNETIC FIELD. 

Using Equations (7.1.5) and (7.1.1), the expression for Bg in the free 
space outside of the conductor is 

= (7.1.10) 


The value for the potential A z is 


= -/ 


Bgdr = 


/ 

27T 


In r + C 0 


(7.1.11) 


Use of Equation (7.1.9) to determine Co gives the following expression for A. 


A z 


]_ 

2tv 



(7.1.12) 


The above result differs from the previous solution of (5.1.5) by a 
constant. This is not surprising because, in the one-dimensional case, A is 
not unique and is determined solely by the boundary conditions. For the 
example of Chapter V, A is constrained to zero at r t . For this example, A 
is constrained to zero at r equal to zero. For a one-dimensional bulk super- 
conductor using the London gauge, A must vanish at r = 0 as discussed in 
Section 3.2.1. Because of this boundary constraint on a superconductor, A 
is also chosen as zero at r = 0 for the one-dimensional current density pre- 
dicting case. This choice is made so that numerical coding that implements 
both elements to model the phase transition of a superconductor will require 
only one set of boundary conditions for A. The consequences of this choice 
are discussed in the subsection on applying boundary conditions. 


7.2 FINITE ELEMENT DISCRETIZATION. 
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7.2.1 CONSTRUCTING EM FINITE ELEMENTS. 

To deal with this particular axisymmetric problem, the two-node 
“line” finite element is again sufficient. Individual elements and their consti- 
tutive properties are denoted by a superscript (e). The element end nodes 
are also denoted by the subscripts i and j again. A z and Kg are interpolated 
over each element as 


A, = NA<*> k, = N/cl e) 


(7.2.1) 


The row vector N contains the isoparametric shape functions for the inter- 
polation of A z and kq. The elements of N are only functions of the spatial 
coordinate r. A^ e) and k ^ contain the nodal values for A- and kq and are 
only functions of the time t, and for the time- independent problem studied 
here, become constants with respect to time. Substitution of these fini te 
element assumptions into the previously derived variational functional of 
Equation (3.1.10) gives 

- r M ^ )2 - 

U > )T (;f ( rNT ))} - J r( f 


+ u 


+ A c 


j(e) 

' z 


(7.2.2) 

where dl^ and dT i are again dddz and rdrdd respectively. Variation with 
respect to A ^ \ K^ e \ X c and j{ e ^ produces the following expression for the 
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elemental stiffness matrix 


K«<*> = 


K 


(e) 


K (e) 

0 

0 


AA 

T 

Aj 


K (e) Aj 

a-<;> 

K (e) T 

K j\ c 


0 

K«-, 

0 

0 


A 


(e) 


iK 

0 

0 


(7.2.3) 


where 


K 


(e) 


AA 


— [ dV (e) 

Jv(*) 1 ^ (e) dr 


i 5N r aN 


K {e) Aj = - [ dV ie) N T (7.2.4) 
J y V ( C ) 


xj? = -! d\ 

Jv ( «) 


dF (e) e (c) w (e)5 


= - / dr; e) 

J c 


K ^-Ur )j ‘i^ {rN) ) 

rUM V 


(7.2.5) 

(7.2.6) 


The above expression for K is not complete because it neglects contri- 
butions to K^ jk from the boundary integral over cffV The discussion of 
this contribution is deferred to the subsection devoted to the application of 
boundary conditions. Following the notation of previous chapters, is 
expressed as 


^(e) 

u (e) = J J U 

k 9 


(7.2.7) 


It is important to note that A c is a global degree of freedom. This condition 
must be met when the elemental matrices are assembled to form the master 
stiffness matrix. 

Taking the second variation of Rp with respect to the independent 
variables produces the tangent stiffness matrix K, which is identical to K W ^. 
This occurs because is only a function of the radial coordinate r and 
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not the independent variables. This fact is important when non-linear solu- 
tion techniques, such as the corrective Newton- Raphson method, are used for 
the thermally coupled superconducting problem. To use the non-linear solu- 


tion techniques, the tangent stiffness matrix is required, and the equivalency 
of K w( ^ and K means that I 
portion with no modification. 


of K w and K means that ^ may be used in the normally conducting 


7.2.2 APPLYING BOUNDARY CONDITIONS. 

As mentioned in the previous subsection, is not complete be- 

cause the boundary integral term over dT 2 is not evaluated. The expanded 
form of this term is 


r (numei) 
J 


2nHrNiK0 ( - 1) J 1) ji 1) - 2tt HrN 2 Ko\ num * l+1) J numel) j[ numel) 

f 1 ^ 

r\ 

1 (7.2.8) 

where H is the height of the element, numel is the total number of elements, 
N i and N 2 are the shape functions of N for the two-node “line” finite element 
and the superscript terms in parentheses represent an element number again. 
Taking the variation of(7.2.8) with respect to the independent variables 

(numel) .(1) » (numel) j , n . 

, ]z and ] z and evaluating at the specified values for r gives 

27rHr\ 1) 6K e \ 1) J 1) j^-2TrHr^ numet) 6Ke^ umel) J numet) ji numel) 

+2irH - 2wHr\ numel) K^ numei) J nuni ^Sji nuni ^ 

There remains in Rp^ a volume term that contains as an independent 
variable. The variation of this term with respect to j\ e) and «i e) produces 

Sji e) K (e) jK K ( e e) = 0 

= o 


(7.2.9) 


(7.2.10) 


Ill 


Evaluation of K u> }K for a two-node element gives 


K<*> i .-2xff u W(- r W r W) (7.2.11) 

Using this equation, SjiW>, K «<*> for e = 1 and e = numel is 

^ 1) K‘ , , , *< 1) = */<»> {2^0) ( _ r (» r (i) ) *0)1 

gj(numel)j^ (numel) (numel) 

jK 6 (7.2.12) 

_ <5 j (numel) ^.TT H U {numel '> ( _ r ("“"*ef) r (numel) j ^(numel) ^ 

Addition of the third and fourth terms of (7.2.9) to the above gives 


= 6jW o r (D } «0) J 


L'(n«me/)T/(nume/) (numel) 


(7.2.13) 


= 8j[ nUTnet ) |2tT ( _ r (nume/) Q ^ ^(nume/) j 

Evaluation of K (e) Jj ( z e) at e = 1 and e = mime/ and the addition of 

the first two terms of Equation (7.2.9) reproduces the transpose of the above 


results. 


These results have three consequences. The first is that for e = 1 
and e = numel, zeros should be inserted in the appropriate positions of the 
stiffness matrix to account for the effects of the boundary integral over P 2 . 
Performing this operation creates a rank deficiency in the master stiffness 
matrix. A solution to this problem is to insert a one (1) on the diagonal 
element of K at the appropriate degrees of freedom and to then constrain 
K di and } to zero. This is easily accomplished and causes no ma- 

jor difficulties for finite element analysis. Second, we now have a system 
of numel - 1 equations for K§ . The physical significance of this is that a 
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Lagrangian multiplier is assigned to each of the boundaries in the conduc- 
tor where u may change, thereby ensuring the verification of the Maxwell 
equation VxE = 0. Again, no difficulties ensue and the formulation still 
matches the actual physics of the problem. Third, there are now numel - 1 
equations relating the numel degrees of freedom associated with the j z s. 
The latter consequence is the most important because it shows that the con- 
straint A c is necessary to remove the rank deficiency of the master stiffness 
matrix associated with the 

As mentioned earlier, the boundary condition on A z has been 
changed so that the interior node of the conductor is constrained instead 
of the truncation node. The appropriate boundary integral of (3.1.11) is 



(7.2.14) 


As assumed in Section 7.1.1 and at the beginning of Chapter IV, ^ is assumed 
to be constant for the examples of this work. Equation (5.1.8) is then used 
to produce the following result 


He = -n 



I 

2irr 


(7.2.15) 


A minimum amount of algebra and the above relation changes (7.2.14) to 


-I, 


dT 2 8A 2 


2tt 


= -H 1 8 A z 


(7.2.16) 


where the first integral is again allowed to vanish at r — 0. 


In Chapter V, the truncation node at r = r t is constrained to zero. 
This will produce a reaction force at that node of magnitude HI because 
the imposed constraint is an essential boundary condition. On the other 
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hand, at the degree of freedom associated with A z { ' } there is no boundary 
force because the boundary integral vanishs there. In the case presented 
in Chapter V, the reaction force at the last degree of freedom for A z was 
not necessary for the analysis of the example problem. This information 
is needed here for the determination of the new boundary forces. If A z is 


constrained to zero at r equal to zero, a reaction force of -HI is produced 
at the degree of freedom associated with A z \ 1] . This situation is analogous 
to changing the end constraint for a one-dimensional bar with a point force 
on the free end from one end to the other. 

For this example, it is necessary to achieve the same loading that 
was exhibited for the example of Chapter V when was constrained. 

This loading will produce the same B fields but different values for A. Again, 
it is easier to visualize the rational for the above statement by again exam- 
ining the example of a one- dimensional bar again. For a one-dimensional 
bar, this would require that the same stresses be produced in the bar for 
the different set of displacements produced by constraining first one end and 


then the other. The validity of this comparison is shown by an examination 
of(5.2.1). The expression for K u( } is the same as that for a one-dimensional 
FE “bar” element with a linearly varying cross-sectional area. Young’s mod- 
ulus has been replaced by 1/ and the cross-sectioned area is denoted by 

rL°. For the forcing vector p( e >, we see that j z is a uniformly distributed 
constant loading force. 

For our problem, to maintain the same boundary forces that are 
exhibited when A z ( j numel) is constrained, a reaction force of -HI is added 
at this degree of freedom, and another reaction force of iff is added at the 
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first degree of freedom for A z . The second force is added to cancel the force 
of — HI produced when A z \^ is constrained. 

The above reaction forces can also be used for a one-dimensional 
superconductor. The forces are the same because variation of the terms in 
A F associated with A z will produce boundary integrals that are identical 
to those in Equation (7.2.14). The use of (5.1.8) to determine an analytical 
expression for these integrals will still apply because the integral on the 
right hand side of (5.1.8) requires only the knowledge of the current I within 
the conductor and not its distribution. The only limitation for the correct 
determination of the boundary integral of (7.2.14) is that r > r c . 

( e ) 

Finally, one more reaction force appears from the variation of R p 
with respect to A c . This force has a magnitude of -I and is applied at the 
degree of freedom associated with A c . Consequently, only three non-zero 
values appear in the global external force vector p. 

7.3 NUMERICAL EXPERIMENTS. 

7.3.1 THE FINITE ELEMENT MODEL. 

The finite element formulation derived in the previous section has 
been applied to two test problems described below. Both problems are 
treated with one- dimensional axisymmetric elements. Each of these “line” 
elements has two end nodes and a common shared glodal node. These nodes 
are defined by their axial positions r- e ^ and r^ e \ Each end node has three 
degrees of freedom. The first degree of freedom corresponds to Kg and 
the third degree of freedom corresponds to A^ e \ From these values, the 
components of the magnetic potential and the Lagrangian multiplier kq are 
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interpolated with the standard linear shape functions, which provide the C° 
continuity required by the variational formulation. The second degree of 
freedom corresponds to jz on the interior node while the exterior node has 
no independent variable associated with it on the elemental level and is con- 
sidered “empty” . This second degree of freedom has no physical significance 
and ji ' ^ is carried on the interior node so that an extra node per element 
does not have to be injected to account for this independendent variable. 
This scheme is used because it matches the format of the STEP1D finite 
element which carries no injected interior nodes. The use of this scheme 
makes downstream coupling of these elements, when modeling the complete, 
coupled EM- thermal problem, more computationally efficient. All entries in 
associated with the “empty” degree of freedom are assigned the value 
of zero. The common shared global node is injected at the end of the finite 
element mesh. It carries no physical significance and is used solely to provide 
the extra degree of freedom assigned to A c . Consequently, each element has 
2 x 3 + 1 = 7 degrees of freedom. 

For the calculation of the element stiffnesses, it is assumed that the 
permeability /j., the resistivity u, the permittivity e and the current density 
j z are constant over the element. The desired stiffness matrix is calculated 
by numerical quadrature using a two point Gauss rule. As mentioned at the 
end of the preceding section, only three non-zero values appear in p and the 
calculation of p (e ^ is not necessary. 
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7.3.2 APPLYING BOUNDARY CONDITIONS. 

The finite element mesh is necessarily terminated at a finite size. 
For the two test problems, the outer radial end of the mesh is defined as the 
truncation radius r = r t . The outer radial end of the conductor’s mesh is 
defined as the wire radius r c . Since current is only carried in the conductor, 
the degrees of freedom for j z between r c and r t are constrained to zero. 
Similarly, the degrees of freedom for Kg between r c and r t are also constrained 
to zero. The degrees of freedom corresponding to and Kg^ nume ^ are 

also constrained to zero as explained in Section 7.2.2. A z is constrained to 
zero at r equal to zero and HI is injected into p at the degree of freedom 
corresponding to A Z \ X \ At the degrees of freedom corresponding to ^^ nurnel} 
and A c , —HI and —I are injected into p. The use of the seven degrees of 
freedom format for each finite element results in a rank deficiency of one 
for the assembled master stiffness equations. This occurs because there are 
only numel ji e), s but the elemental degree of freedom format used produces 
numel+l equations when assembled. The last element only contributes zeros 
to the master stiffness matrix for the second degree of freedom of the external 
( j ) node. To remove the rank deficiency, the second degree of freedom on 
the outer node of the last element is constrained to zero. 

7.3.3 ASSEMBLY. SOLUTION AND FIELD RECOVERY. 

The master stiffness matrix is assembled following standard finite 
element techniques. During the assembly, the elemental entries for and 

^(nume/) as discussed in Section 7.2.2. The external force vec- 

tor is assembled by injecting its three non-zero entries as described in the 
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previous section. The remainder of the boundary conditions are set as ex- 
plained previously. The modified master equations, modified for boundary 
conditions, are processed by a standard symmetric skyline solver, which pro- 
vides the value of A z and k 8 at the mesh nodes, A c at the injected node, and 
the mean current density over each element. 

As in previous chapters, the physical quantity of interest is the mag- 
netic flux density Bq. The finite element approximation of Equation (5.3.2) 
is used again. However, this time B 0 is plotted as a step function to avoid 
the extrapolations necessary to determine the value of B 0 at r c . 

The ability of the potential formulation to model the discontinutiy in 
the B field at a conductor/free space has already been established in previous 
chapters. For this reason, in both test problems /j, and e were set equal to 
one (1) inside the conductor and in the free space surrounding it. The first 
test problem set all of the u/ c )’s to one, and the second problem set each uA e) 

to equal the inverse of the element number ( i.e <j( e > equaled the element 
number). 

7 - 3 - 4 PROBLEM 1: EQUAL CONDUCTIVITIES. 

The first test problem is identical to that reported in Chapter V and 
possesses a one-dimensional axisymmetric geometry. As shown in Figure 2.1, 
it consists of a wire conductor of radius r c transporting a total current 7=1 
ampere in the positive 2 direction. The elements were given a unit thickness 
in the 2 direction. The radial direction is discretized with N wire elements 
inside the wire and N free elements outside the wire in free space. The mesh 
is truncated at a “truncation radius” r t . Boundary conditions were set as 
previously defined. 
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The results obtained with rt — 2 r c , N w i r e — 20, Nf r ee — 20 for the 
potentials differed from those generated by the previous EM finite elements 
of Chapter V by a constant, as expected. These results are shown in Figure 
7.1. They illustrate what appears to be an almost exact matching of the 
computed solution to the analytical solution. Analysis of the data values 
shows that at r equal to zero the error is about 33 per cent. The error 
declines rapidly to .2 per cent at r c and even further to .08 percent at r t . 
This error is attributed to the relatively coarse mesh used for the example 
problem. 

Figure 7.2 shows the results obtained for the computed current den- 
sity. The result obtained is lower than the true value by less than one ten 
thousandth of a percent, thus providing a check on the element calculations. 
Because these results were so close to the exact solution, they were plotted 
as a series of points, rather than a line, so that they could be distinguished 
from the exact solution. 

Figure 7.3 shows the results obtained for the Bg field. To evaluate 
how closely the finite element solution matches the exact solution, it must 
be observed where the analytical solution intersects the tops of the finite 
element “steps”. For an exact matching, the analytical solution will intersect 
the middle of the “step” tops. Although difficult to see, at r equal to zero, 
to approximately r equal to .1, the exact solution moves right of center on 
the “steps”. This means that the computed solution is larger than the exact 
solution. The error in the computed solution ranges from 33 percent at the 
center of the conductor to 4.6 percent at the conductor boundary. Outside 
of the conductor, the error trailed off to .02 per cent. The high error at the 
center of the conductor is due to the relatively coarse mesh discretization used 
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for this problem. Finer meshes were tested and the finite element solution 
converged to the exact solution as expected. 

7-3.5 PROBLEM 2: DIFFERENT CONDUCTIVITIES 

This problem’s geometry and the values for r t , r c , N free and N wire 
are identical to those used in Problem 1. The only difference is that the 
element conductivity is set to the element number. The values obtained for 
the current densities shown in Figure 7.4 are as accurate as those obtained 
in the first test problem. 

The computed potential shown in Figure 7.5 displays a behavior that 
is different from that exhibited in the first example. The error ranges from 
a maximum of about 33 per cent at r c to zero per cent at r equal to zero. 
The error at r t is approximately 13.4 per cent. But the primary quantity of 
interest is B s , not A z . 

The behavior of B e is shown in Figure 7.6 and displays much less 
absolute error than A z . The error at r equal to zero is about 33 per cent, at 
r c .064 per cent and at r t .016 per cent. The reason for such better results 
for B e is that the rate of change of A z is the quantity of interest, and not its 
magnitude. Referring again to Figure 7.5, it can be seen that the computed 
value for the rate of change of A z appears to be close to the analytical value 
for over half of the range of r. This accounts for the good values of B s that 
occured for r > .2. Much of the error that occured in the computation of 
A z can be attributed to the large change in u (= <r —1 ) for this example. 
From the first conducting element to the last, there occured a 1900 per cent 
change in the value of u. Put into this context, the errors that did occur for 
the finite element values of A z are reasonable. Several more examples with 
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more slowly varying resistivities were performed, to verify that this was the 
source of the error. They are not presented here because Figure 7.3 illustrates 
what occurs in the limiting case where the conductivity does not vary at all; 
the analytical and finite element solutions converge. Although some error 
remains at the center of the conductor, finer mesh discretizations can be 
used to generate computed solutions that he within a desired tolerance. 

It is recognized that the error at the center of the conductor for 
both test problems appears large. This is because the error measured is the 
absolute error. Other error estimators axe available, but this topic is deferred 
to Section 10.2.3 because of similar errors that occur for both the STEP ID 
and LINT1D finite elements. As in the problems studied in this chapter, the 
error measured is the absolute error and appears large. The discussion in 
Section 10.2.3 shows that the error produced by using the STEP1D, LINT1D, 
CUPLE1D and LET1D finite elements to solve EM and thermal problems is 
within acceptable limits and that the absolute error alone is not always the 
best measure of a computed solution’s accuracy. 
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Figure 7.1: A z vs. r, all elements equal conductivities. 


c 

u . 4UU 

0.350 




u 

r 






0.300 





r 

e 

0.250 

- 




n 

t 

0.200 

- 





0.150 

_ 




D 






e 

0.100 

- 




n 

s 

0.050 

- 




i 

0.000 





t 

y 

-0.050 

- 




-0.100 

L_ 

i 

1 1 i 1 1 1 1 


0.000 0.400 0.800 1.200 1.600 2.000 

Radial Distance 

a Finite Element 
Analytical 

Figure 7.2: j z vs. r, all elements equal conductivities. Finite element solution 
plotted as points to highlight accuracy of method in matching 
analytical solution. 
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B 

F 

i 

e 

1 

d 


0.170 

0.153 

0.136 

0.119 

0.102 

0.085 

0.068 

0.051 

0.034 

0.017 

0.000 



0.000 0.400 0.800 1.200 1.600 2.000 

Radial Distance 

Flnlta Ilwant 

Analytical 


Figure 7.6: Be vs. r, element conductivities equal to element number 
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7.4 SUMMARY. 

The results obtained in the previous two problems show that it is 
possible to extend the four-potential formulation to the case where the cur- 
rent density distribution is unknown. This is important since this means 
that it is now possible to solve problems where material and geometric non- 
linearities preclude a linear current distribution. It also means that whereas 
before a knowledge of how the current was distributed within a conductor 
was necessary, with this extension of the four-potential variational principle, 
all that is needed is the total current I through the conductor, its material 
properties // and u>, and the conductor geometry. 

Having shown the validity of this extension of four-potential theory 
to the prediction of electromagnetic quantities, one is now prepared to con- 
struct a nonlinear conductor, the superconductor. This is the topic of the 
next chapter. 


CHAPTER VIII 


THE SUPERCONDUCTING FINITE ELEMENT 

In this chapter, the four-potential formulations of the Ginzburg- 
Landau and London type superconductors are discussed. Both elements 
use for the example problem the geometry of the one-dimensional infinite 
conductor shown in Figure 2.1. Because the London type superconductor is 
only an approximation to the more exact Ginzburg-Landau equations, only 
the computational results for the Ginzburg- Laundau superconductor are pre- 
sented here. We restrict our consideration to the time-independent (static) 
case. 

For both superconductors, the total current I is known, j is unknown, 
and the static charge density p is zero. Because the four-potential method has 
shown in the past three chapters that it can easily model the conductor/free 
space boundary discontinuity for B $ , only the region within the conductor 
is modeled. The stiffness and tangent stiffness matrices for the Ginzburg- 
Landau superconductor contain the independent variables \ij>\ and A and 
therefore represent a set of non-linear equations. A short discussion of non- 
linear solution techniques is included in this chapter as well as a discussion 
on how \ip\ and A are scaled to reduce the ill-conditioning of the system of 
nonlinear superconducting finite element equations. 

No analytical solution is available for the chosen problem. However, 
numerical results can be examined to determine if they are physically re- 
alizable. As a second check on the accuracy of the results, the B field as 
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determined by the finite element approximation using A can be compared 
to the B field determined by j of the finite element formulation and Equa- 
tion (7.1.5). Because no analytical solution is available, the first topic to be 
discussed is the construction of the one-dimensional axisymmetric supercon- 
ducting finite element. 

8.1 FINITE ELEMENT DISCRETIZATION. 

As mentioned in the introduction to this chapter, the discretization 
of the Ginzburg-Landau equations results in a set of nonlinear equations. To 
solve these equations, expressions for the residual r, the internal force vector 
f, the external force vector p and the tangent stiffness matrix K are needed. 
For this problem, f and r are determined by talcing the first variation of the 
governing functional, p by boundary integrals, and K by taking the second 
variation of the governing functional. The relationship between r, f and p is 

r = f-p (8.1.1) 

In this section, r, f and K are determined and in the discussion of the 
boundary terms, p is determined. 

8.1.1 CONSTRUCTING EM FINITE ELEMENTS. 

For the finite element discretization of a one-dimensional supercon- 
ductor, the two- node “line” element is again sufficient. Individual elements 
are denoted the superscript (e). As mentioned in Section 3.2.1, /j, may be 
replaced by fi 0 with little loss of accuracy and this substitution is performed 
for the superconducting finite elements derived here. The material parame- 
ters a and /3 are dependent upon X. Also mentioned in Section 4.1 is that 
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for the steady state heat conduction problem, T is a constant throughout a 
superconductor. Consequently, the material parameters a, (3 and axe the 
same for every element and the superscript (e) is omitted for these quanti- 
ties. The element end nodes axe denoted by the subscripts i and j . A z and 
\ip\ are interpolated over each element as 


A z = A {e) =NA{ e) |V>| = |¥ (e) | = N|V>| (e) (8.1.2) 


where the symbols A^ and have been introduced to simplify notation 

later. The row vector N contains the isoparametric shape functions for the 
interpolation of A z and \ip\- The elements of N are only functions of the 
spatial coordinate r. A ( / } and |t/>| (e) contain the nodal values of A z and \ip\ 
respectively, and axe time-independent. Substitution of these finite element 
assumptions into the previously derived variational functional of Equation 
(3.2.13) gives 


A M (e)T N T N|V>| (e) + (M< e) 

2 m* 1 ^ 1 dr dr m + 2/i a * dr dr 2 

+ |^|'0| (e)T N r N|V’| (e) A ( z e):r N T NA ( z e) | 

(8.1.3) 

Taking the first variation of A gives a set of equations, which collectively 
represent the internal force vector f for each finite element. The portion of 
obtained by varying is 


r(e). 


W 


= j dV M {-2aN 7 'NM (,) + 2^|4' <e) | 2 N r N|V>| (e) 


(8.1.4) 
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The portion of the internal force vector associated with is 

^ - Ltr ] {£f : r f ■ + w 

The total internal force for each element is now 


(8.1.5) 


f («) 


f f < ' , w 1 

i f“h. / 


( 8 . 1 . 6 ) 


This expression applies to a Ginzburg- Landau superconductor. For a London 
type superconductor IV^ 2 is constant and equal to IV’ool 2 - Consequently, the 
only nonzero portion of is f ^ a z - 

Talcing the derivative of f (e * with respect to the independent vari- 
ables produces the tangent stiffness matrix for each element. The ex- 
pression for a Ginzburg-Landau superconductor is 


where 


K (e) 


'K (e) 

K (e) 


T 

A, \i>\ 


K <e, .4. W ' 
K< ‘ ) |*IW- 


(8.1.7) 


K<‘> 


I* A, = / 

Jv 


dV ie) 

V(<) 


1 dN 
Ho dr 


dN q^_ 
dr + m* 


|^ (e) | 2 N T N 


( 8 . 1 . 8 ) 


K {e) AtW = J dV {e) |2^A (e) |tf (e) |N T N j (8.1.9) 



—2a + 6/3|$ (e) | 2 + 2— A (e)2 ) N T N + 


m' 


n 2 dN 1 dN 

m* dr dr 

(8.1.10) 


For the London superconductor is reduces to At A z - 

Examination of K^ e ^||^| and a z a z shows that an internal in- 
consistency can appear because both of the independent variables, \ij)\ and 
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and their derivatives use the same shape functions. This inconsistency 
can sometimes cause a locking problem. For the one-dimensional cases 
considered here, this does not occur and is discussed further in Section 8.2.4. 

For mechanical elements u (e) is the displacement field in the ele- 
ment. In non-linear finite elements, v (c > are the visible degrees of freedom. 
The nodal degrees of freedom v (e) cannot be solved for directly because the 
internal forces are nonlinear functions of v (e) , which in turn is a function of 
the “loading parameter” C- The general technique to handle such nonlinear 
problems is to convert the assembled residual force equations (8.1.0) to in- 
cremental form by differentiating them with respect to a loading parameter 

C? i. c. , 

di df d\ dp 

sc = a^ac = ac or Kw = q <8 l ll) 


where w is the set of incremental rates and q is the loading vector, w 
and q represent the rate of change of v and p with respect to a loading 
parameter (• The response v(£) is obtained by numerically integrating the 
above equation in conjunction with Newton-Raphson iteration procedures 
as described later in this chapter. The purpose of introducing these new 


quantities here is that they are necessary for the topic of the next section, 
the application of boundary conditions. In keeping with the new notation, 
for a Ginzburg-Landau superconductor, and w^ e ) are 


v<«> = / A ‘ el 


w« = 


l M (e) 

For a London superconductor, and w^ e ) are 


dA[ e) 

~3t 

d\^\ (e) 

w~ 


( 8 . 1 . 12 ) 


w (e) = 


(M! 


} 


v< e > = { A ( z e) } 


( 8 . 1 . 13 ) 



130 


8.1.2 APPLYING BOUNDARY CONDITIONS. 

The boundary conditions for A z are addressed first. As discussed 
in the latter half of Section 7.2.2, the discrete boundary terms for the CU- 
PLE1D finite element are the same as those of a one-dimensional supercon- 
ductor. The only non-zero values for p j4i occur at the degrees of freedom 
corresponding to the first and last nodal displacements of A z . They both 
have a magnitude of H I and differ in the direction of their application. In 
the past, I has been used to represent the total current load. It is now split 
into two distinct parts to give 


I = Io + (II 


(8.1.14) 


where I Q represents the initial current and Ii the loading current. When 
the loading parameter ( is zero, the only load upon the system results from 
the initial current load. When ( equals one, by convention the system is 
regarded as being fully loaded. Using the new notation, the forcing vector 
is 

m 


P Ai =(Io + (Il)H{ 


(8.1.15) 


0 

l-l ) 


where 1 and —1 correspond to the first and last degrees of freedom for A z 
respectively, and the vertical dots represent a continuation of zeros over the 
remaining degrees of freedom for A z . The expression for is 


= 


o } Pa ' 

d( 


u 


-IlH l 


0 


l-l ) 


(8.1.16) 
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The above expressions for q^ 2 and p ^ are valid for any one-dimensional 
conductor where the first degree of freedom of A z is constrained to zero. 

As discussed in Section 3.2.1, V|^| on the boundaries is equal to 
zero. Consequently, the boundary terms dependent upon |V>| of (3.2.14) are 
zero and make no contribution to p. The expressions for p^j and are 
therefore 

P|*l=° ^1=° (8.1.17) 

and the total external force and loading vectors are 

p ={p p :,} q= te,} (8ii8) 

for a Ginzburg-Landau superconductor. To ensure that there are no su- 
perconducting charge carriers in the free space surrounding the Ginzburg- 
Landau superconductor, \ip\ is constrained to zero at r equal to r c . For a 
London superconductor, p and q reduce to p^ and q^ respectively. 

8.2 NUMERICAL EXPERIMENTS. 

The finite element formulation for a Ginzburg-Landau superconduc- 
tor has been applied to the solution of a one-dimensional axisymmetric infi- 
nite wire. Each element contains two end nodes and a common global node 
that is located at the truncation radius r t . These nodes are defined by their 
radial positions rj ^ and r ^ \ The glodal node carries an “empty” degree of 
freedom and is used only to provide the same number of degrees of freedom as 
contained in the CUPLE1D finite element. Similarly, each end node contains 
three degrees of freedom. The first and third degree of freedoms carry the 
nodal values for | u> and A z respectively. The second degree of freedom is also 
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“empty” . This choice provides for easier downstream coupling of the super 
and normal conducting finite elements by reducing computational effort. 

The computational effort is reduced because nodal connectivity and 
freedom tables used to generate the diagonal location pointer array for the 
skyline symmetric stored system of equations are only generated once. The 
“empty” degree of freedom on each end node also allows for the easy addition 
of the variable w if the gauge choice used is not the London gauge. With the 
“empty” degrees of freedom, each element carries seven degrees of freedom 
like the CUPLE1D finite element. The actual number of degrees of freedom 
used per element is 2 x 2 = 4 degrees of freedom. 

For the calculation of K, p, q and f the permeability // is set to /i 0 , 
as discussed in the introduction to Chapter IV. The values for a , /? and iV’ool 2 
for each element are determined by using the formulas presented in Section 
4.4. The tangent stiffness matrix and internal force vector are calculated by 
numerical quadrature using a two point Gauss formula. 

8.2.1 APPLYING BOUNDARY CONDITIONS. 

The finite element mesh is terminated at r t , as in the linear conduc- 
tor. To ensure that no superconducting flux can cross the conductor’s outer 
edge into free space, the degrees of freedom corresponding to |^| between r c 
and r t are set to zero. At r = r c , \ift\ is also set to zero. By doing this, the 
boundary terms of (3.2.14) vanish. At r = 0, A z is set to zero as required 
by the London gauge choice. Any “empty” degrees of freedom are also con- 
strained to zero to prevent rank deficiencies of the assembled master stiffness 


matrix. 



8.2.2 ASSEMBLY AND SOLUTION 


133 


The tangent stiffness and internal force vector are assembled follow- 
ing standard finite element techniques. The tangent stiffness K is stored 
using a symmetric skyline storage scheme, and then modified for boundary 
conditions. The external force and loading vectors are initialized to zero 

and the two non- zero values for each are injected at the appropriate degrees 
of freedom. 

Solution Technique. 

For linear finite elements, the displacements v can be solved for di- 
rectly by inverting the stiffness matrix K u and multiplying it by the external 
force vector p, i.e., 

v = (k w ) p (8.2.1) 

The standard technique shown above to solve for v does not work for the 
Ginzburg-Landau superconducting finite element because K u is a function 

of IV- 1 and A z . To begin our discussion of nonlinear solution techniques, the 
residual equations are rewritten as 

f-p = r = 0 (8.2.2) 

where f and r represent the internal force and residual vectors respectively. 

It can be seen that when the residual vector is zero, the solution vector v lies 
upon an equilibrium curve or path called the response. The central idea of 
non-linear solution techniques is to find a solution that lies upon a physically 
correct equilibrium path and to then advance the solution along it. For 
the cases examined in this work, the position along the equilibrium path is 
determined by the loading parameter, also known as the control parameter, 
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The displacements v are also called the state variables because they represent 
the state of the system along an equilibrium path. For the cases presented 
here, an initial solution that lies upon the physically correct equilibrium path 
is not always known in advance. For these cases, we are required to guess 
a “neighboring” state from which to start an iterative process that takes us 
to the path. The initial solution, or “guess”, is named the reference state of 

the system. 

For the Ginzburg-Landau superconducting finite element (STEP1D), 
it was found that the best choice for the reference state is that where A 2 is set 
to 0 and all unconstrained values of \tj>\ are set to IV’ool- The value for \ipoo\ 
is determined from the formula presented in Section 4.4. This state closely 
approximates a Ginzburg-Landau superconductor with the total current I 
and external B fields equal to zero, the difference for our choice occuring 
primarily in the boundary layer. The true state can be closely approximated 
by a step function for \tj>\ over the interior of the conductor with a magnitude 
of | . However, the chosen reference state is close enough to the true state 
that the same techniques used to advance the solution can also be used to 
bring this reference state onto the desired equilibrium path. 

To find how the solution vector v changes as the solution advances 
along an equilibrium path, the partial of r with respect to the loading pa- 
rameter C, is taken to give 

dr df dp 

ac ~ ac ac 


df dv 

dp 

dv d< 

dC 

_ _ dv 


i* 

* 

ii 

-q 

= Kw — 

q = 0 


(8.2.3) 
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The last equation shown above is known as the incremental rate equation. 
K defines the tangent to the equilibrium path and is known as the tangent 
stiffness matrix; w represents the rate of change of the solution vector along 
the equilibrium path and is named the incremental velocity vector; and q is 
the loading vector that represents the rate of change of the system’s external 
forces as the external loads of the system are varied. 

To advance the solution along an equilibrium path, the values of the 
solution vector at the current known state are used to determine the tangent 
stiffness matrix. The loading vector is also determined and the following 
system of equations is solved to determine the incremental rates. 

W = K_1( 1 (8.2.4) 

Numerical problems arise, however, if the current position of the solution 
on the equilibrium path is a stationary (critical) point. At these points, K 
is singular. For the STEP ID finite element, this occurs when A F g is zero. 
There is no difference between the Helmholtz free energies for the supercon- 
ducting and normal states of a conductor at this point. This point represents 
a crossing of the equilibrium paths for the Helmholtz free energy functionals 
of the normal and superconducting states and is called a bifurcation point. 

If this point is reached or exceeded, because the free energies are equal, the 
LET ID finite element is used. The LET1D formulation is not singular at 
this point because it does not contain the quantum parameter |0|; conse- 
quently it does not model the true state of the system at this point. The 
true state is a mixture of normal and superconducting phases that lies be- 
yond the modeling ability of one- dimensional finite elements as it is in fact 
a multidimensional problem. 
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Assuming that a current value of v on the equilibrium path is known, 
as a first step to obtaining another solution, an increment along the tangent 
to the equilibrium path is taken. That is, the solution is moved Av in the 
v direction and AC in the C direction of the hyperspace defined by v and C- 
The step is named the predictor step. New values for v and C are computed 
at the point that lies at the end of the predictor step. A corrector procedure, 
called the corrector step, is then invoked to iterate the solution back onto 
the equilibrium path. The distances traversed in the v and C directions for 
each iteration are designated as d* and rj k respectively, where superscript 
k designates the iteration number. The equilibrium path is reached when 
r _ 0. To ensure at each step n that the solution does not travel too far 
from the equilibrium path, a distance l n is specified. The distance l n is 
also used to ensure that the distance along the equilibrium path traversed 
is not too large. This distance is limited so that the solution procedure 
does not accidentally step over a stationary point or move too far from the 
equilibrium path. Detecting stationary points becomes important when they 
axe branching or bifurcation points because it is desired that the solution 
procedure follow the equilibrium path that matches the true physics of the 
system. If the solution procedure steps over one of these points, it may follow 
a non-physical equilibrium path. 

The addition of the length constraint adds an extra equation to the 
original system of equations: 

|As n | — /„ = c = 0 (8.2.5) 

where |As n | is an approximation to the distance s travelled on the equilib- 
rium path. For the finite elements of this work, the initial values for v and 
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C are computed using a Forward Euler scheme. The corrector step uses the 
Conventional Newton- Raphson (CNR) method to iterate to a solution under 
the arclength constraint (8.2.5). The formulas used for the forward Euler 
integration and the arclength constraint are reproduced below. Subscripts n 
represent the step number and superscripts k represent the iteration number. 

Arclength Constraint 

l^n| ~ In = J- |w^Av n + ACn| - /„ = 0 

J n 

fn = yjl +w£w n ( 8 .2 , 6 ) 

Oc _ T _ W n dc 1 

5V “ fn dC~ 9 = Z 

Foward Euler Method with Arclength Constraint 

Cn+i — Cn + A^n A( n = /„//„ sign (q^w n ) 

V n+1 = v n + Av„ Av n = K“ 1 q n AC„ (8.2.7) 

= w„AC„ 

To implement the Conventional Newton-Raphson technique, the 
original equations for r must be augmented by the constraint equation c 
and solved. This gives the linear system 

K -q 
, aT 9 

Because this augmented system is not symmetric, the two linear symmetric 
systems below are solved for instead 

Kd r = - r Kd g = q 




( 8 . 2 . 8 ) 


(8.2.9) 



138 


to get 

, = - C + a l^ d = d r + ,d, (8.2.10) 

which finally gives 

vj +1 = vj + d Ci +1 = (i + r, (8.2.11) 

Iterations are performed until the 2-norm of r is less than a specified toler- 
ance r . For cases where the 2-norm will not go below r , a limit is set on 
the maxim um number of iterations by another input parameter. Because the 
Newton- Raphson technique can also diverge instead of converge upon a solu- 
tion, limits on the maximum value for the 2 -norm of v are also specified. To 
stop the solution process, another input parameter limits the maximum value 
of C- When this value for ( is surpassed, the solution process is terminated. 
The solution procedure may be summarized as follows: 

(1) Initialize v and ( to the reference state. 

(2) Solve for w. 

(3) Update v and C using the Forward Euler integration scheme 

( 4 ) Evaluate r and c at step n + 1 by using v n +i and Cn-i-i- 

(5) Solve (8.2.9) for d r and d g . 

( 6 ) Using (8.2.10) with the values for d r and d„ solve for 17 and d. 

(7) Update v and C using (8.2.11). 

(8) Find the 2 -norm of v 

( 9 ) If the maximum value for the 2 -norm of v or ( is exceeded, terminate 
the solution procedure. 

(10) Find the 2 -norm of r and c. 
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(11) If the 2-norm of (10) is less than or equal to r, restart the solution 
procedure over at step (2) until the desired value for ( is reached or 
exceeded. If the 2-norm of (10) is greater than r, go back to step (5) 
and repeat the solution procedure until the 2-norm is less than or equal 
to r or the maximum number of iterations is surpassed. 

8.2.3 SCALING TECHNIQUES. 

The solution procedure of the previous section is particularly sensi- 
tive to heterogeneous physical dimensions in the solution vector v. In ad- 
dition, off-diagonal terms of K may be either considerably larger or smaller 
than the diagonal terms, giving K a high condition number. This means 
that a small change in one degree of freedom may produce a large, non- 
physical displacement at another degree of freedom. The STEP ID finite 
element solves the above problems by implementing several different scaling 
techniques. The first technique gives the elements of v the same physical 
dimensions. The second scaling makes off-diagonal terms of the same order 
of magnitude as the diagonal terms. The third scaling is used to further 
improve the condition number of K. Finally, the fourth scaling adjusts the 
dimensions of v and £ in the solution hyperspace to improve convergence 
rates and accuracy. 

To perform the first, third and fourth scalings, the solution vector v 
is scaled by a diagonal matrix S„ 


v n = S n v (8.2.12) 

where subscript n indicates either the first, third or fourth scaling and the 
superposed tilde denotes a scaled quantity. If the stiffness-force equation is 
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premultiplied by S n 1 and the scaled form of v is substituted, the results are 


s; 1 K"s;‘v = s;‘ P 

V U ~ ~ 

K v = p 


(8.2.13) 


where K and p are the scaled versions of K w and p. The scaled versions of 
other relevant quantities can be derived in a similar manner and are presented 
below. 

f = S; 1 r f = S-*f q = S“*q 
w = S^w Av = S~ 1 Av K = S“ 1 KS^ 1 

(8.2.14) 

|AS| = |w t S^Av + A<| = |w r Av + A<| // 


/ = 4- w T S( ; w = \/l + w r w 


First Scaling. 

The first scaling is performed element by element at an element level, 
and is used to scale |^| and A z to have the same dimensions. Let L, M, 
T and Q represent units of distance, mass, time and charge respectively. 
It can be seen that A z has units of ML/TQ and \rp\ has units of X -3 / 2 . 
Numerical experiments showed that letting the units of v be L -1 / 2 improved 
the stability of the solution process. For this scaling, Sj for each element is 
expressed as 


q( e ) 

■-’ll 


0 

1 



0 0 0 0 0 ‘ 

0 0 0 0 0 

S { 3 1 ] 0 0 0 0 

$ 1 ? 0 0 0 

1 0 0 

n 

°66 u 

1. 


(8.2.15) 


symm. 
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where ones have been placed at the degrees of freedom corresponding to the 
“empty” degrees of freedom. This allows for the inversion of S^. Both 
scaling factors are constants over the domain of the superconductor and do 
not affect the assembled scaled master stiffness equations if this scaling is 
performed at the elemental level. 

Second Scaling. 

The second scaling is performed to make off diagonal elements of K 
of the same order of magnitude as the diagonal elements. It also serves the 
dual purpose of bringing steps in the v-£ hyperspace into a more reasonable 
range. The second scaling is essentially a conversion of units from one system 
to another. After performing the first scaling, the units of v are L~ l where 
L is measured in meters, the appropriate unit of length for the rationalized 
MI\S system of measurement. However, most of the material parameters 
for a superconductor are of the order of about 10 -8 meters. To make the 
order of magnitude of the off diagonal terms approximately the same as the 
diagonal terms, it was observed that on an element level this could be done 
by changing the units of length to micrometers (10 -6 meters). To perform 
this conversion, all of the nodal positions, and r^ e \ are multiplied by 10 6 . 
The permeability of free space has units of M L/Q 2 and is also multiplied by 
10 6 , whereas h has units of M L 2 /T and is multiplied by 10 12 . The effective 
penetration depth A e ff has units of L and is also multiplied by 10 6 . These 
are the only quantities that are changed to perform the units conversion. The 
remaining material parameters a, and |V>oo| 2 are calculated using the new 
values for fi 0 and A e ff while the scaled value of h is used for calculating S] 



142 


and K^. B has units of M/TQ and is not affected by this unit conversion, 
so scaled quantities can be used “as is” for field recovery. 

Third Scaling. 

The third scaling is performed on the assembled tangent stiffness 
matrix K. It is a simple diagonal scaling where nonzero elements of the 
diagonal matrix S3 are equal to the square root of the absolute value of the 
corresponding diagonal element of K, i.e., Su = y/\Ku\. For the “empty” 
degrees of freedom, the diagonal elements of S 3 are set to one to give full rank 
to the matrix so that it can be inverted. This is a common scaling technique 
that will reduce the condition number of a symmetric positive definite matrix. 
Although the constrained stiffness matrix for the superconductivity problem 
is negative definite, this technique works well here. 

Fourth Scaling. 

The fourth scaling is also performed on a global level. Again a diag- 
onal matrix S4 is used, but this time all of the elements axe the same. The 
purpose of this scaling is to make AC approximately equal to l n . To meet this 
requirement, / must be approximately one. It is ensured with this require- 
ment that no matter what the value of the product w T w may be, the scaled 
distance traversed along the equilibrium path will be approximately equal 
to the desired input distance /„. The value for each element of S4 that gave 
the best results for the STEP1D finite element numerical examples presented 
here was 10 4 . 
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8.2.4 MESH GENERATION. 

The superconductivity problem exhibits boundary layer characteris- 
tics because most of the physics occur in a relatively narrow region close to 
the conductor/free space boundary. The finite element mesh must have a 
fine grading in this region to model superconductivity accurately. Eighteen 
months of research and numerous numerical experiments have shown that 
if the mesh grading there is inappropriate, the solution generated will suf- 
fer accordingly. The problem most often encountered by poor mesh choices 
was that of a high condition number for K. This generally causes the so- 
lution method to fail because the 2-norm of the residual vector r and the 
arclength constraint c cannot be brought below a reasonable value for the 
input tolerance r. The solution “dances” around the v — £ hyperspace until 
the maximum number of corrector iterations is reached or the 2-norm of v is 
exceeded. In a few rare cases, with a poor mesh choice, the solution actually 
did converge. These solutions were rarely of any value because the condition 
number was estimated to be in the to range of 10 6 to 10 16 ! Another diffi- 
culty encountered with a poor mesh choice is that |t/>| and A z will oscillate 
around their equilibrium values. To solve these problems, it is necessary to 
reexamine the theory of superconductivity. 

In the previous discussion of superconductivity, the effective London 
penetration depth A e /f was introduced. The London penetration depth pro- 
vides a measure of how far the B field penetrates into a superconductor from 
the conductor/free space interface. This is significant because A e ff provides 
a minimum depth for the boundary layer that is being modeled. This is the 
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range over which A z should decay to approximately zero. It is also neces- 
sary to know the range in which the other variable, |V>|, decays from its bulk 
layer value of iV'ool to zero. To accomplish this goal, the Ginzburg-Landau 
equations must be examined once again. The following is an abstraction of 
material presented in Reference! 21], pp. 111-114, and is used to determine 
the range of decay of \ip\. 

The variation of A F g for a one- dimensional superconductor in Carte- 
sian coordinate space will produce the Euler equation 

+ ~ ^ = ° (8.2.16) 


where x is the one- dimensional spatial coordinate and A has been set equal 
to zero because we are primarily interested in the behavior of |t/>|. If the 
normalized wave function IV’I# which equals ItAI/lV’ool is introduced, and 
some algebra is performed, Equation (8.2.16) becomes 


5^g|* + M w -hC = o 


(8.2.17) 


Linearizing this equation by setting equal to 1 + 6(x), where b(x ) <C 1, 
gives the first order expansion of this equation as being 

h 2 d 2 b(x ) 


2m* a dx 2 
d 2 b(x) 2 m*a 


= -(1 + b(x )) + (1 + 36(x)) 

(±x^JT 2 


(8.2.18) 


b(x), 6(x) ~ exp 


dx 2 h 2 

The first term of the equation shows that the decay of IV’ljv determined 
by \Jh 2 /2m* a. This length is referred to as the Ginzburg-Landau coherence 
length £(7”). Appropriate substitutions from Chapter IV will give 


« T > = v5i7i Brl(0)A, " (0) 


21 2 


1 + ( T/T c ) 
1-(T/T C )2. 


(8.2.19) 
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To avoid confusion with the isoparametric coordinate f, this length shall 
always be referred to as £(T). The dimensionless Ginzburg-Landau param- 
eter k(T) is also introduced, which is the ratio of the two lengths £(T) and 
Ae//(T). 


k(T) = 


Z(T) 


vgkl 

n 


Bc{ 0)A^(0) 



( 8 . 2 . 20 ) 


where k(T) shall be used for this ratio to distinguish it from the Lagrange 
multiplier vector k. A superconductor with /c(T) <1/ \/2 is called a type I 
superconductor, while a superconductor with k(T) > 1/^2 is called a type 
II superconductor. Figure 8.1 shows the difference between £(7~) and A e /f 
for type I and II superconductors. 

For the particular case of high purity aluminum, /c(0) % .1. This 
makes it a type I superconductor and shows that the decay depth for |^| is 
approximately ten times the decay depth of A z , where A e // is the approx- 
imate decay depth for A z . Consequently, the boundary layer region to be 
modeled must have a depth of at least 10 x A e jf to capture |t/>|, furthermore 
£(T) determines the size of the boundary layer mesh. For a type II super- 
conductor A e //(T) > £(T) and the size of the boundary mesh is determined 
^ 'W/CH- Numerical experiments confirm that for aluminum the mesh 
choice of 10 x A eff reduces the condition number of the system. Numerical 
experiments also show that the mesh generated must be a function of T 
because \ eff and £(Z) are both functions of T. The results obtained with 
the above mesh show realistic values for |V»|, but both |r/»| and A z exhibit 
oscillatory behavior. Expanding the boundary layer depth to 200 x X eff 
caused the oscillations in \xp\ to disappear. All elements generated in the 
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boundary layer were equal length elements, where the element length was 
equal to the depth of the boundary layer divided by the number of boundary 
layer elements N bounc [. The elements used to model the bulk layer were also 
“regular”, their length being equal to (r c -200 x Kff(T))/N bu i k , with N bu ik 
representing the number of bulk layer elements. 

The oscillations are triggered by three different error sources. The 
first one comes from the approximation that is made for (8.2.18). The 
Ginzburg-Landau equations are linearized there to get an idea of the pen- 
etration depth of the magnetic field. The coherence length is only a rough 
approximation to the true penetration depth and not an exact one because 
only the linearized system of equations has been solved and not the exact 
system. The second source of error arises because the finite element model 
is not exact. It merely tries to approximate the continuous case by discretiz- 
ing the region of interest. The third source of error is that finite precision 
mathematics are used when a solution to the discretized superconductor is 
attempted. The solution procedure and the scaling procedures used all in- 
troduce numerical error into the computed solution because of the machine’s 
inability to resolve numbers beyond 16 significant numbers. The expansion 
of the boundary layer helps to push the oscillations induced by the numerical 
error of the solution and scaling techniques below machine limits and more 
importantly, accurately captures the physics of the problem. 

After the oscillations in |^| are removed, A z may still exhibit oscilla- 
tions close to the conductor/free space boundary. It was thought that they 
were induced by the mesh being too coarse for that region. Numerical exper- 
iments showed that this was indeed the case. There axe three methods that 
can be used to resolve this problem. The first method consists of generating 
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another boundary layer of regular elements near the conductor /free space 
boundary. The second method involves changing the length of each element 
so that the mesh is more finely graded at the conductor /free space boundary 
than at the interior edge of the boundary layer. The third method is to 
simply insert more elements into the boundary layer. All three methods add 
extra node points at the conductor/free space boundary and serve to make 
the finite element approximation more accurate. The third method was used 
for the examples here to expedite the research. This is the least compu- 
tationally efficient of the three, but time constraints limited the author to 
using this choice. 

It is mentioned earlier in Section 8.1.1 that the use of the same shape 
functions for the calculation of |V>| and A z and their derivatives can lead to 
internal inconsistencies that can cause a “locking” problem. As the length of 
the element l <e ^ goes to zero, the polynomial shape function approximation 
of the independent variable tries to match the approximation of its first 
derivative, which is a constant, when ‘locking” is present. This leads to the 
oscillatory behavior described above. But as more and more nodal points are 
added, i. e., more finite elements are added, oscillations of the independent 
variable will still persist if “locking” is present. These oscillations disappear 
for the STEP ID finite element as the mesh is refined and show that “locking” 
is not present for the one- dimensional cases studied here. 

To summarize, the depth of the boundary layer mesh is determined 
by the larger of A e jf and £(X). This is the starting point for determining 
the boundary layer depth. Numerical experiments are then used to expand 
the boundary layer until oscillations of \ip\ disappear. Finally, additional 
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elements are inserted into the boundary layer until oscillations of A z also 
vanish. 


8.2.5 FIELD RECOVERY. 


The primary quantity of interest is again B. For this problem, there 
is no analytical solution, but the results can be checked to determine if 
they are physically correct. There are also two methods by which B can be 
determined from the finite element solution. Comparison of the results of 
these two methods determines if an internally consistent solution has been 
reached. 


The first method of determining the B e field is the finite element 
approximation of Equation(5.3.2). The second method uses Equation(3.2.16) 
inserted into Equatition (7.1.5). The one dimensional form of this equation 
that gives the value for B g at the outer node of each element e is 



( 8 . 2 . 21 ) 


where the superscript letter in parentheses represents an element number. 
The integration over each element is performed by numerical quadrature 
using a two point Gauss rule. 


8.2.6 TEST PROBLEM 

The test material used for this example was high purity aluminum. 
The material constants a and f3 for each element were evaluated at T equal to 
zero degrees Kelvin using the formulas of Section 4.4. The permeability p of 
each element was set to /j.„ as discussed earlier in this chapter. The reference 
state of v was set as described in Section 8.2.2. The mesh was discretized 


<2 -3 
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as desribed in Section 8.2.4 with a regular mesh of Nbuik elements in the 
region 0 > r > r c — 200A e //. Another regular mesh of Nbound elements was 
generated in the region r c — 200A e // > r > r c . Nbuik and Nbound denote 
the number of elements in the bulk and boundary layers respectively. N bu lk 
and Nbound were 2 and 98 for this problem respectively. Because the free- 
space magnetic field element has been validated previously, all elements were 
within the conductor. The conductor radius r c was 1.15 x 10 -4 . The value 
of I 0 was 5.0 amperes and the value of II was 0.0 amperes for the results 
presented here. The choice of these values ensures that an actual specified 
current loading for results presentation was attained. The element has been 
tested many times by loading from zero to full load and has worked extremely 
well. The only problem that was experienced was when the current loading 
appoached a magnitude that was large enough to move the solution close to 
the stationary point. In this region, Av and AC became increasingly smaller. 
To rectify this problem, the coding was modified to ensure that the step size 
at step n 4- 1 does not fall below an arbitrary value. If the step size became 
too small, .9 x l n x I l was added to /<,, the reference state was reset, and 
the solution proccedure was restarted at step n. The only disadvantage to 
this scheme was determining the correct value of I at each step for output 
purposes. This problem was easily circumvented by outputting the value for 
I Q when it changed, and the step where the change took place. 

The main disadvantage with using the incremental solution methods 
for results presentation was that the solution process did not always stop at 
the desired full load value, but usually exceed it by some fraction of the step 
size This is a consequence of the solution procedure used, and is inherent 
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in arclength schemes. By setting I L equal to zero and I 0 equal to /, this 
problem was bypassed here. 

For the results presented below, the solution procedure required 9 
iterations to converge, with the solution tolerance r being 4 x 10 -17 . The 
2-norm for r did not include the value for the constrained degree of freedom 
of The value of r there ranged between 10 -3 to 10 -7 depending on how 
close the finite elements came to modeling a zero slope for | \i> | at the conduc- 
tor /free space boundary. To more accurately match this slope requirement, 
all that was needed was a more refined mesh for this area. However the 
results obtained were judged accurate enough for our purposes. Finally, the 
estimated condition number of the system was 228. 

Figures 8.2 and 8.3 show the results obtained for the normalized val- 
ues of \rp\ 2 plotted over the whole conductor and the boundary layer of the 
conductor respectively. If a London type superconductor had been modeled, 
an exact step function would have been expected. Because aluminum is an 
extreme type I superconductor, |t/>| should exhibit behavior that is almost 
“step” -like. Figure 8.2 illustrates that the finite element does model phys- 
ical behavior by returning values that closely match a step function. The 
boundary conditions are seen to match well in Figure 8.3 in that the slope of 

iV’ivI 2 is zero at the interior boundary and is very close to zero at the exterior 
boundary. 

Results for A z are shown in Figures 8.4 and 8.5. Figure 8.4 shows the 
behavior over the whole mesh and Figure 8.5 the behavior in the boundary 
layer. The physical behavior of A z should approximately be the opposite 
of Over the bulk of the conductor, A z should be zero, and where |?/>| 
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Figure 8.2: |^| 2 /|^oo| 2 vs. r, values for complete mesh plotted. 
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Figure 8.3: |V’| 2 /|V’oo| 2 vs. r > values for boundary layer plotted. 
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decreases, the magnitude of A z should increase as kinetic momentum is ex- 
changed for magnetic field momemtum. Figure 8.4 shows this expected phys- 
ical behavior. Figure 8.5 shows this behavior in more detail, and illustrates 
one difference in behavior between A z and The slope of A z is zero at the 
interior edge of the boundary layer, but nonzero at the exterior edge. This is 
expected because the boundary conditions for A z and \ip\ are different at the 
exterior edge, the behavior of A z matching its expected physical behavior. 

Figures 8.6 and 8.7 display the results for j z over the entire conductor 
and the boundary layer respectively. The behavior of j z can best be described 
by making an analogy to a similar problem in fluid mechanics. The medium 
of the problem would be a large pool of water contained between two infinitely 
long straight walls. For convenience, the walls are aligned so that one is on 
our left side and the other on our right. To make the analogy correlate to the 
results presentation, the left wall would be the center of the superconductor, 
and the right wall would be the conductor /free space boundary. The bottom 
of the pool would be shaped so that the density of Water molecules matches 
the density of the superconducting charge carriers. The walls and the bottom 
of the pool would present no resistance to water flow. Assuming laminar flow, 
a rapidly moving stream of water is injected into the pool along the right wall. 
For the EM problem, j z is analogous to the velocity of the water molecules, 
v w in the pool. Where the stream is injected, it is expected that a large, 
rapid change in v w would exist, which upon first examination would appear 
to be a Dira«. delta function. 

This behavior is exactly matched by the velocities of the supercon- 
ducting electron pairs of the finite element model, and is shown in Figure 8.6. 
At the conductor/free space boundary, a Dirac delta-like “spike” appears for 
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Figure 8.6: j z vs. r, values for complete mesh plotted. 
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Figure 8.7: j z vs. r, values for boundary layer plotted. 
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j z , which is zero otherwise. A closer examination of the fluid velocities for 
the imaginary example would reveal that v w would rise rapidly on both sides 
of the stream, but a more gradual rise in v w would occur on the side of the 
stream facing the left wall as momentum is exchanged with the other water 
molecules there. Again j 2 mimics this behavior as shown in Figure 8.7 and 
validates the ability of the STEP1D element to model the expected physics 
of a superconductor. 

This comparison of a fluid flow to a Ginzburg- Landau supercon- 
ductor is a particularly enlightening one because, if this superconductivity 
model is correct, it explains the source of the miniscule resistivity in super- 
conductors. The resistivity is a result of a momentum exchange produced by 
collisions of Cooper pairs, the supeconductor’s charge carriers, as required 
by the residual equation (3.2.6). Because the collisions are relatively infre- 
quent, a “spike” in the current density appears in the boundary layer, rather 
than a “smearing” of the current density to an approximate step function. 
The position of the spike is determined by the density of charge carriers, the 
current density vector choosing the point where the fewest collisions can take 
place. The fact that the density of Cooper pairs is higher on the interior of 
the boundary layer than the exterior explains why j z changes more slowly 
towards the center of the conductor. The Cooper pairs in the current stream 
j z are simply experiencing more collisions with stationary Cooper pairs be- 
cause the density of pairs is higher towards the center of the conductor. Its 
position also determines that there is an expulsion of the B field from the 
interior of the conductor (the Meissner effect) because there is no current 
there to generate a field in accordance with Maxwell’s equations. 
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Figures 8.8 and 8.9 show the Be field generated there. Figure 8.8 
shows Be over the whole conductor and Figure 8.9 shows B e in the boundary 
region. Because no analytical solution is available, the B field has been 
plotted using the two different methods cited previously and finite element 
values for M and A s . As in Chapter VII, the B e field calculated using 
Equation (5.3.2) is plotted as a step function. Both sets of values match 
fairly well over most of the region, but show some divergence towards the 
maximum and minimum values of Be. No reason exists to prefer one set of 
values over the other, but using j[ e) to recover B 0 has the advantage of being 
able to directly compute Bg at element nodes. 

Expected physical behavior is matched by both curves. The value of 
Be computed by using (8.2.21) also matches the necessary analytical value, 
derived from an integral form of Maxwell’s equations, of fj, 0 I/2nr c . A com- 
parison of these values with values obtained by using the London model of 
superconductivity does not allow any statement to be made about the accu- 
racy of the Ginzburg-Landau model because the former neglects the gradient 
of \iP\. The important point is that the Ginzburg-Landau model must achieve 
a specific magnitude at r c , and this is verified by Equation (5.3.2). For the 
above reasons, the London values are not compared to the finite element 
values obtained here. 

8 -3 FURTHER DISCUSSION OF RESULTS. 

A word of caution is necessary here with regard to the author’s phys- 
ical interpretation of results. Because no analytical solution is available for 
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comparison with the numerical results, these results and their physical in- 
terpretation must be treated with some suspicion pending experimental ver- 
ification. However, there is a good evidence to suggest that the results are 
valid. 

First, the numerical approach has been based upon the Ginzburg- 
Landau theory of superconductivity. This theory, while not being thoroughly 
validated experimentally for cases away from the critical temperature, has 
been able to predict superconducting phenomena with a great deal of accu- 
racy (Ref. [21, pp. 104-191]). This provides a great deal of credibilty to the 
ability of the Ginzburg- Landau theory for the prediction of EM and quan- 
tum phenomena within a superconductor. It is universally accepted as an 
accurate model of the macroscopic quantum-mechanical and electomagnetic 
properties of a superconductor near its critical temperature T c . 

Second, the results of this chapter and Chapter XI exhibit behavior 
that is in qualitative agreement with the physics of superconductors. These 
behaviors are the appearance of the Meissner effect and a current carried 
at the surface of a superconductor. The Meissner effect is the almost total 
expulsion of a magnetic field from the interior of a conductor, and this be- 
havior is shown in Figures 8.8 and 11.12. The cause of this effect is that the 
current is carried at the surface of the conductor (Ref. [31, p.335]). In order 
to satisfy Maxwell’s law VxVxB = j, no current can be carried within the 
bulk of the conductor or a magnetic field will be present there. Again, the 
STEP1D finite element shows this behavior in Figure 8.6. 

Finally, there is some quantitative agreement between the STEP ID 
finite element and a known physical value. The value of the Be field at the 
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conductor radius is known to be ^ 0 I/2nr c . As mentioned at the end of the 
previous section, the finite element model achieves this value at r c . 

8.4 SUMMARY. 

In this chapter, a broad range of topics necessary to the solution of 
the superconductivity problem by the finite element method are discussed. 
The topics include the four-potential formulation of superconductivity, ap- 
propriate boundary conditions, nonlinear solution techniques, scaling tech- 
niques, and appropriate mesh choices for finite element models. The most 
important aspect of this research is the insight that is gained about super- 
conductivity. For the Ginzburg-Landau model, it is possible to think of 
the current that moves through a superconductor as a “stream” of charge 
carriers called Cooper pairs that moves through a “sea” of static Cooper 
pairs. This “sea” acts like an extremely low viscosity fluid, and the “stream” 
moves through the region of the “sea” where the density of the Cooper pairs 
is the smallest. This region represents the place where the least amount of 
energy is expended by the collisions of moving Cooper pairs with station- 
ary Cooper pairs. Unlike the London approximation, or linearized forms of 
the Ginzburg-Landau model, the physics of the system as described above 
are shown only by modeling the exact Ginzburg-Landau equations so that a 
complete description of j z can be obtained. The STEP1D model shows this 
behavior well, and from the limited search of literature that the author has 
performed, it is believed that this is the first model that shows the physics 
in such good detail. 

Now that reasonable models for the normal and superconducting 
states of a conductor have been developed, the next step in the complete 
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modeling of a conductor is to add thermal effects. This is the topic of dis- 
cussion of the next chapter. 



CHAPTER IX 


THE THERMAL PROBLEM 

It is first necessary to model the temperature distribution within a 
conductor before the effects a temperature field has on the EM fields and the 
quantum properties of a conductor can be determined. Appropriately, the 
first topic of discussion in this chapter is the modeling of the temperature 
field of the steady state heat conduction problem with convection cooling 
boundary conditions. The one- dimensional case is the case of interest for 
this work’s examples and is the only case discussed. In Chapter IV it is 
mentioned that there are no temperature gradients within a one- dimensional 
steady state superconductor. Because no gradients are present, the temper- 
ature distribution of a superconductor is known and the calculation of the 
temperature distribution by finite element methods is not necessary. There- 
fore, this chapter is concerned with the finite element modeling of a normal 
conductor. The temperature distribution within a conductor is a function 
of the current I and the thermal boundary conditions at r c . In the current 
chapter, it is assumed that the current I is steady and does not chan ge. 
Cases where the current load / changes are discussed in the following chap- 
ter. For this chapter, the discussion is about the physics of a conductor as 
the thermal boundary loads are varied. 

The discussion begins by first developing the finite element model 
for the temperature distribution of a one-dimensional conductor, and then 
determining the analytical solution of that problem. The analytical solution 
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to this problem is developed later because certain assumptions about the 
finite element model have a direct effect on the analytical solution. 


9.1 FINITE ELEMENT DISCRETIZATION. 

9.1.1 CONSTRUCTING THE LINT1D FINITE ELEMENT. 

Using the two-node “line” finite element again provides the C° conti- 
nuity required by the variational functional of(4.1.7) for T. Again individual 
elements and elemental properties are identified by the superscript (e). The 
two element end nodes are denoted by the subscripts i and j . The tempera- 
ture T is interpolated over each element as 

T = N T (e) (9.1.1) 


where the row vector N contains isoparametric shape functions for the inter- 
polation of T. The elements of N are functions only of the spatial coordinate 
r. The column vector T} 6 ^ contains the nodal values of T, which are con- 
stants with respect to time. Substitution of these finite element assumptions 
into the variational functional of Equation (4.1.7) gives 




r<*> 


Jv(') (2 dr dr J 

- f dT^{rQ r T^ T ^} 

* 2 

Variation of the above with respect to T}^ will produce 

8Q, { ^ = f dV (e) 8T {e)T [k^- ^-T (e) -J e) j[ e)2 N rj 

d JvM ~ ( dr dr ~ 

-hf* )SLf ' >T { rQ ' N T }[!., 


(9.1.2) 


(9.1.3) 
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Quantities k and axe functions of the spatial coordinate r and not of the 
independent variable T. This assumption is made because the variational 
functional does not give the correct residuals for the heat conduction 
problem if the thermal conductivity and the electrical resistivity are allowed 
to be functions of T. This approximation can be corrected by using the 
nonlinear solution procedures of Chapter VIII. During the solution phase, k 
and u/ e) are held constant at their values for step n, and after the solution 
vector v at step n + 1 is determined, k and are updated using the new 
temperature distribution of step n + 1. If the step size l n is small, v does not 
move too fax from the true equilibrium path and the values of axe close 
enough to the exact values that any error is negligible. This assumption is the 
reason for discussing the finite element model first instead of the analytical 
solution. No analytical solution exists for the set of coupled EM-thermal 
equations where k and u are functions of T. By making the approximation 
that k and u> are functions of the spatial coordinate r, an analytical solution 
can be developed. 

The spatial approximations used are the ones discussed in previous 
chapters, i.e., w is a step function or constant over an element, and k is 
interpolated linearly across the element. In terms of our shape functions, k 
may be written as 

k = Nk (e) (9.1.4) 

where k (e) contains the nodal values of the thermal conductivity. The values 
for k (e) are obtained by using Equation (4.2.1). Equation (4.2.1) is a function 
of T , and is evaluated at and to obtain the respective components 
of k^ e) , k\ e ^ and kj e K For the evaluation of k^ e * and and 
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are the two components of X^ at step n. The elemental value for is 
determined by the formula 


J‘i = u. + i (w.X' 1 ) +o.,(T > < ‘ ) )) (9.1.5) 


where is the residual resistivity, and aj,(X) is the ideal resistivity. The 
ideal resistivity is calculated as described in Section 4.3. 

All but two of the boundary integrals of (9.1.3) can be ignored by 
noticing that the heat flux Q r between interelement boundaries in the radial 
direction must be C° continuous; this point is shown later by the analyt- 
ical solution. The two remaining boundary integrals occur at r equal to 
zero and r c . At r equal to zero, it can be seen that the boundary integral 
there vanishes, and the only remaining boundary integral occurs at r c . The 
remaining integral is a function of the boundary heat flux loading where 
Qr( C' 7 ") represents this load and is the thermal loading paramter. 

Because non-linear solution techniques are used, expressions for 
f(e), r (e)^ p(e) anc [ q(e) mus t j^g determined. The Euler equations of (9.1.3) 
give the following expressions for and 


f(e) 

«<0 


/ dv u, l 

Jvm 


dr dr 


= J v fV (e) {w (e) ii e)2 N T } + S me {27rr c Q r (( T )} j J } 


r (e) _ 


V( 

f(e) _ p (e) 


(9.1.6) 


where the Kronecker delta is defined as 

6 tj = 0 i ^ j 
= 1 


i =3 


(9.1.7) 
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and m Nwire -t - 1? with N w j re again representing the number of elements in 
the conductor. Taking the partials of r with respect to T (e) and ( T produces 
the following expressions for and q( e ). 



where j[ ^ and u> (e ^ have been assumed to be only functions of the nodal 
position r and therefore vanish. 

9-1.2 APPLYING BOUNDARY CONDITIONS. 

In the previous section, expressions for and q( e ) are determined. 
They contain the boundary heat flux term <9 r (C r ). The heat flux at r c for 
the one-dimensional steady state convection cooling problem is expressed by 
the Euler equation of (4.1.10) 


Qt — h-conv (Too T(r c )) 


(9.1.9) 


Because the free stream temperature To is known, it is natural to choose 
this variable as the load to be varied. To make To a variable load, it is 
split into two parts where T is the initial loading temperature, and T is the 
variable loading temperature. The free stream temperature is now expressed 
as 

Too = T + < r T (9.1.10) 

The value of the temperature at r equal to r c can also be expressed as 


T(r c ) = Ntf 


(m) 






m = N mir . + 1 


(9.1.11) 
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/ ^ \ 

where Nj is the second component of the shape function vector N, 7” 
is the nodal value of the temperature at r c , and the superscript letter in 
parentheses represents an element number and not an exponential. When the 
new expressions for 7^, and X(r c ) are substituted into (9.1.9), the expression 
for Q r ( ( T ) becomes 


Qr(C T ) = h conv (r o + C T Tl - 7} (m) ) 


(9.1.12) 


and the expression for dQriC 7 )/ dC T is 


dQrj C T ) 

dC 


= hr 


7 L ) = ( Tl _ “S” 1 ) (9113) 


where is the nodal value of the incremental rate of change of T at r c . 

By convention, any terms of a set of finite element equations that 
include the incremental rates and the nodal displacements are usually moved 
to the left hand side of the system of equations. Doing this, and making 
substitutions for Q r (( T ) in the previously derived vectors and gives 

p (e) = J dV M {u> (c) ;f )2 N T } + 8 me {2t rr c h conv (T 0 + ( t T l )} { J 


(9.1.14) 


Similarly, and are 

K<>> = X^*’ {*fr 

q (e) = 8 me {2'Kr c h conv T\ J } 


0 0 
0 1 


(9.1.15) 


The addition of the boundary term Q r makes this system of equations, when 
assembled, determinate and no nodal values need to be constrained. 
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9.2 ANALYICAL SOLUTION TO THE TEST PROBLEM 

Equation (4!l.l4) states that the temperature distribution for a lin- 
early interpolated k and step function u and j z may be expressed as 


sr uj] ( rAr kiAr 2 ( A k 

T = — {-Zk--£ l p- ln (* i+ A 7 r 


)) +cl i ln (I- 


rAr 


<Ar -|- A k 


where C\ and C 2 are integration constants and 

i i i j Ak 

k = ki + -1 r = k, + — r 

Ti - r, A r 


+ C 2 
(9.2.1) 


(9.2.2) 


where k{ and kj are the values of k at the inner and outer boundaries of 
integration respectively. To adapt this solution for each element, the inte- 
gration constants C\ and C 2 are first replaced by the constants C (e ), dd and 
£( e even where the superscript (e) represents an individual element number 
again. For notational convenience, the following equalities are also defined: 

a ^ ^ — kj , = Ak/ Ar and . The function ft ^ is also 

defined as 


^ - bs (hr 


I "(‘)-r)+^ 4 »»(l) (9-2.3) 


Using the new notation, the temperature T over each element is expressed 

T (e) (r) = /t (e) (r) + C (e) even (9.2.4) 


as 


Using a little physics, it can be seen that the heat flux out of an 
~lement must equal the heat flux into adjacent elements because the system 
is conservative and energy must be conserved. This requires that the heat 
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flux Q r be C° continuous and gives the following series of equations that 
relate the heat flux transferred across adjacent element boundaries 


C (e) odd _ <? (£) r, (e) _ 9 (e - 1) rJ e - 1) 

,( e ) 2 J«-i) 2 

j 


(9.2.5) 


This equation can be rearranged to give 


;(«)>) 






(9.2.6) 


by using the relation r<‘ *> = r<'\ At r equal to zero, C«'Ud must also be 
zero for the system of equations to remain bounded. This gives for ) dd 


C(‘U = - ESTi 0 {ir (*f 2 - r f) } 

= 0 


e > 1 


e = 1 


(9.2.7) 


The values for £ (e lven may be derived in a similar manner by ensuring that 
T is C° continuous across element boundaries. The result is 


M ■ 

wire 


C (e l V en -T s - ft (e) (r\ e) ) - ^ {/* p (rJ) - ft p (rf ) } (9.2.8) 


p=e 


where T s is the temperature at the surface of the conductor and equals the 
nodal value % is determined by using the discretized 

tion (4.1.21), which is 


version of Equa- 


N • 

1 ’ wire 


,(») 


T s -T 0 + C T T l + 1 -— £ \ u MjM 2 rdr 


e = l 


r< e > 


(9.2.9) 


The preceding analytical solution is only valid for cases where 6 (e ) is 
nonzero. As k\ ^ approaches kj C \ the first two terms of (9.2.3) diverge. For 
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cases where 6 (e) is zero, the methodology used to derive (9.2.1) in Chapter 
IV can be used to determine that ft^ e \r) becomes 

/<<•)( r) = -^r 2 + CHdd ln(r) (9.2.10) 

The methods of this section can then be used to show that the solutions for 
%, C^odd , and C^ e l ve n are identical to those of Equations (9.2.7), (9.2.8) and 
(9.2.9). 

The above solutions to the heat conduction problem were originally 
loaded into a Fortran subroutine and solutions to the example problem were 
computed. For the example problem and material values used, it was found 
that incorrect solutions were being determined. One source of error was that 
the magnitude of the first two terms of (9.2.3) were much greater than the 
last term. Finite precision numerics caused the last term to be virtually ig- 
nored when determining C (e) eV en and ft (e) (r) although this term should have 
made a noticeable contribution to both. All of the formulas were rearranged 
so that C (e) even and /t (e) (r) were computed in a term by term manner, i.e., 
first all of the In (k) terms were computed, then all of the In (r/k) terms, 
etc.. This improved the solution marginally, and the problem was examined 
further. The largest source of error came from the finite precision mathe- 
matics again. The term was seen to be extremely small and caused the 
first two terms of (9.2.3) to diverge. Although the divergence of individual 
terms should cancel when summed during the computation of C^even, it was 
beyond the machine’s capability to resolve the minute differences between 
the large individual terms. False zero values or random values were being 
assigned for the difference by the machine. To correct this problem, when 
the absolute value of the percentage difference between fc- e) and k^ dropped 
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below 2.2 x 10 9 , k was assumed constant over an element. The value of k (e) 

J 

was then used for the elemental value of k , and Equation (9.2.10) was used 
to calculate /t (e ^(r) and C^ ven . 

The numerical results became much better, and both of the above 
corrective procedures are implemented in existing coding. Results presented 
in this work as the analytical solution to thermal problems used the above 
methods to control numerical errors. 

9.3 NUMERICAL EXPERIMENTS. 

9.3.1 THE FINITE ELEMENT MODF,T. 

The finite element model derived in the previous section has been 
applied to the test problem described later in this section. The LET ID finite 
element is used for determining EM quantities and the LINT1D element is 
used to determine the temperature distribution. Both of these elements are 
treated as one-dimensional axisymmetric elements. The LET1D element is 
identical to the CUPLE1D element except that is allowed to change 
during the solution process. The description of the nodal degrees of freedom 
and the variables associated with each degree of freedom for the CUPLE1D 
element can be found at the beginning of Section 7.3.1. The permeability 
fjS \ the resistivity u>^ e ^ and the current density j are uniform over each 
element. 

For the LINT1D element, the u line" type element has only two end 
nodes which are defined by their axial positions and r^\ They each 
have one degree of freedom corresponding to the temperature T which re- 
sults in a total of two degrees of freedom per element. These nodal values are 
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determined by interpolation with standard linear shape functions that pro- 
vide the C° continuity required by the variational formulation. The thermal 
conductivity of each element is also calculated by interpolation with stan- 
dard linear shape function where the nodal values of k are determined by the 
nodal temperatures at step n and use of Equation (4.2.1). The resistivity of 
each element, for both the LET1D and the LINT1D elements, is calculated 
by using Equation (4.3.1) and the nodal temperature values at step n to 
determine u, at each node, and then talcing the mean of the two u>’s. The 

value of j z for the LINT1D elements is determined by use of the LETlD 
finite element. 


9-3-2 APPLYI NG BOUNDARY CONDITIONS 

As shown earlier, no nodes are constrained for the thermal part of 
this problem. The thermal flux terms that contain the Kronecker delta 


are 


directly injected at their appropriate positions when assembling f (e) , p («), 

r (e \ and q< e > to account for boundary conditions. The electromagnetic 
boundary conditions are set as described in Section 7.3.2. 


9-3.3 ASSEMBLY AND SOLUTION 

Both tangent stiffness matrices K EM and K r are assembled in an el- 
ement by element fashion following standard finite element techniques. K EM 
and K t are used here to represent the master electromagnetic and master 
thermal tangent stiffness matrices respectively. The superscripts EM and T 
are also used in the sequel to distinguish between assembled electromagnetic 
and thermal vector quantities (e.*., v™ is the electromagnetic solution vec- 
tor). K em is stored in a symmetric skyline form and K r is stored as three 
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vectors because it is a tridiagonal matrix. Systems of electromagnetic equa- 
tions are modified for boundary conditions as described in Section 7.3.2 and 
are processed by a standard symmetric skyline solver. After the solution pro- 
cedure that is described later has been used, \ EM provides the desired nodal 
values of A z for field recovery and the elemental values of j z for calculation 
of the electromagnetic heating loads of the heat conduction problem. 

Systems of thermal equations are modified for boundary conditions, 
as discussed in the preceding section, and are then processed by a standard 
tridiagonal solver. The solution procedure then returns v T which contains 
nodal values of T. 

Solution Technique 

Because the values for k and w (e) are actually functions of the tem- 
perature T and not the spatial coordinate r, the LINT1D finite element is 
nonlinear, and the nonlinear solution techniques of Section 8.2.2 are used to 
solve problems. These techniques work well for thermal problems if the rate 
of change of temperature across an element is not too large. 

The solution procedure is started by choosing a reference state for T. 
The reference state chosen for the examples of this work is set by initializing 
v T to % and \ EM to zero. For cases where % is not sufficiently close to 
the equilibrium path, the reference state may be chosen by use of Equation 
(4.1.22). For the latter case, the thermal conductivity and electrical resistiv- 
ity axe evaluated as constants over the whole domain of the conductor and 
evaluated at some mean representative temperature such as %. The current 
density becomes a constant with these assumptions and is equal to I/nr c 2 . 
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To advance the solution to the next step, the set of incremental rate 
equations 

K n w n =q n (9.3.1) 

is solved. This system can be written as 



where the subscript n represents the current step number. The solution 
vector v„ is equal to ( vf M vj ) T . The rest of the solution procedure is 
identical to the procedure outlined in Section 8.2.2. except that K, r, f and 
p at step n + 1 are calculated by using the values of T and j[ e) from the 
previous step n. The solution must be calculated in this manner because 
the variational formulation assumes that k, w and j z are all functions of the 
spatial coordinates and not the independent variable T. This device holds 
the material properties and j z constant for K, r, f and p so that a new 
temperature distribution at step n + 1 can be determined. This means that 
the solution procedure is not solving the correct set of equations for the true 
equilibrium path of the heat conduction problem. 

Unfortunately, this is the current level of advancement of heat con- 
duction analysis. To solve this problem, a relatively small step size l n is 
taken. This “fix” allows the computed solution to remain close to the cor- 
rect equilibrium path. This problem can also be corrected by holding 
constant and taking several steps. The result is that the quantities K, r, f 
and p are all updated until the correct equilibrium path is reached. For the 
examples presented here, the last “fix” was not required as taking a small 
step size l n brought the solution sufficiently close to the true equilibrium 
path. 
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9.3.4 SCALING TECHNIQUES. 

The tridiagonal solver that was implemented does not include any 
method for the estimation of the conditioning of a system of equations. Be- 
cause no estimate was available, no attempt was made to scale any of the 
thermal systems of equations that were processed. The skyline solver did 
include the capability to estimate the condition number of K EM . Choosing 
realistic values for the material properties u> (e \ e (e) and made K EM so 
highly ill-conditioned that the solution method failed, and showed that the 
values used in the example problems of Chapter VII were rather simplistic. 

Some of this ill- conditioning is alleviated by employing a scaling 
scheme similar to the first scaling technique of Section 8.2.3. This scaling 
is performed at an elemental level before is assembled. Using L, M , 

T and Q to represent units of length, mass, time and charge respectively, 
the units of A z , j z , and A c are seen to be ML/{TQ ), Q/(TL 2 ), Q/L and 
ML 2 /(TQ) respectively. Many scaling schemes were tried, but the one that 
reduced the condition number the most gave the scaled displacements of A z , 
j z , and Kg dimensions of M 1 / 2 L/T and A c dimensions of M 1 / 2 L 3 / 2 JT . The 
elemental scaling matrix for each element is 
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where / (e) is the elemental length rj e) - r\ e \ The inclusion of the elemental 
length in the scaling parameter for j z does not cause any difficulties because 
the only diagonal terms affected by of K EM correspond to the j z degrees 
of freedom which do not couple through the diagonal terms. 

To illustrate this point, consider the diagonal terms corresponding to 
the degrees of freedom for A z of a two element system that contains a total 
of three element end nodes. If A[ e) is scaled for each element by / (e) , A ( z e] at 
the shared center node will be scaled on an elemental level by / for the first 
element and / ^ for the second element. Note that the bracketed superscript 
numbers represent the element number and not an exponent. This causes 
no problem in determining scaling factors if equals /( 2 ). It is simply 
or !< 2 >. But if the lengths differ, problems will occur because A z at the 
shared node will be scaled into two different dimensions! Trying to assemble 
the scaled elemental diagonal terms of A z with this scaling would result in 
an error because each scaled variable represents a single scaled independent 
variable. 

The scaling matrix of (9.3.3) avoids these difficulties due to a careful 
choice of its elements. ensures no coupling of adjacent values of j[ e) and 
also ensures that there are no zero diagonal terms of the assembled scaling 
matrix for degrees of freedom of ji e> that axe constrained to zero. also 
ensures that no zero diagonal term appears for the extra “empty” degree of 
freedom of that j s discussed in Section 7.3. 
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The scaled elemental electromagnetic tangent stiffness matrix for 
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( 9 . 3 . 4 ) 


where = (l/2)(r- e ^ + r \^) is the mean radius of the element and c 0 
is the speed of light in vacuum. As can be seen by inspection, the closer 
(l^ /2 )(/j, 0 c 0 /ui^) is to one, the better the conditioning of the matrix. If 
this occurs, it can also be seen that all of the terms become proportional 
to approximately /l^ e \ Using the test material of high purity aluminum 
does not allow /2){^ o c 0 / to come as close to one as is desired, and 
other means are used to reduce the conditioning of the scaled electromagnetic 
system of equations. It was found that the choice of mesh discretiztion 
greatly affected the conditioning of the system, and this is the next topic of 
discussion. 
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9.3.5 MESH GENERATION. 

The thermal conduction problem is similar to the superconductivity 
problem because a finer mesh discretization is required near r c to accurately 
determine the nodal values of the independent variables. The independent 
variable for the thermal conduction problem is T and the electromagnetic 
quantity u in the temperature range of interest is proportional to T 5 . This 
behavior suggests that electromagnetic quantities vary either much more 
quickly or more slowly than T depending on whether the system is above 
or below 1° Kelvin. This behavior also suggests the use of separate meshes 
for the electromagnetic and thermal equations. Separate meshes were not 
used for the examples of this work because they require a transfer of data 
between the thermal mesh and the electromagnetic mesh and are subject to 
extrapolation errors. Separate meshes also require more computational effort 
and memory storage. For the above reasons, it was decided to use a single 
mesh for both the linear electromagnetic and thermal system of equations. 
As mentioned above, there is a finer grading of the thermal mesh at r c . This 
grading was determined to be a source of ill-conditioning for the assembled 
EM equations. 

Originally, a small region near r c was discretized with regular finite 
elements and the remainder of the conductor volume was descretized with 
larger regular finite elements. It was seen that at the node where the two 
meshes joined, off-diagonal terms were generated that were substantially 
larger than diagonal terms. Other off-diagonal terms that were substantially 
smaller than diagonal terms were also generated. To cure this problem, the 
scaling scheme of the previous section is used to make off-diagonal terms of 



179 


ti 

the same order of magnitude as the diagonal terms on an elemental level. A 
new mesh discretization scheme is also used to eliminate the substantially 
larger and smaller off-diagonal terms. The third scaling technique of Chapter 
VIII does this for a system of positive definite equations, but this technique 
was tried and did not work here because the system is positive semi-definite 
due to the Lagrangian multiplier A c . 

By observing that all of the terms in the elemental EM matrices are 
approximately proportional to a basis for the mesh discretization 

can be determined. By minimizing the rate of change of r $ //(«), “bad” 
off-diagonal terms can either be eliminated or changed to more closely ap- 
proximate the magnitude of the diagonal terms. 

For convenience, a regular mesh of iV/ tne elements is used in the 
region near r c . The remaining region uses a special mesh that contains 
Ncoarse elements. This choice determines d(r$ /l^)/de to be 1.0 in the 
“fine” region. It also specifies that rL e, // (e) equals (r nepl /Z<«>) + .5 at e equal 
to N coarae + 1 where r ncp i is the value of r at the node where the coarse 
mesh ends. This choice also determines that the length of each element in 
the “fine” region be equal to (r c - r ncpl )/N fine . An additional boundary 
condition for the axisymmetric problem is that r^7/ (e) i s always equal to .5 
at e equal to 1. 

To satisfy the three boundary conditions and still have a varible 
input for the mesh discretization, a cubic curve fit for / / ( e ) is required. 

Using these requirements gives the following equation for //(<=) . 

r ( m 

J(e) = 2 (^i e + -^e 2 + A.$e -f M 4 ) (9.3.5) 

Al = 5 3 _1 (2Ci - £1 N coar3e ( N coarae - 1) - 2 C 2 (N coarse + 1) + N coarae - 1) 
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where the subscripted A’ s, B’s and C’s represent constants. The constant 
C 2 is an input value and represents the value of r^ ) /^ (e) for the second el- 
ement. The value of for the second element is chosen as in input 

variable because at the first element, this value is determined by the prob- 
lem geometry as always being 0.5. It is also easier to determine the size of 
the second element with this formula. If C 2 is larger (smaller) than 1.5 the 
second element is smaller (larger) than the first, and if C 2 equals 1.5, it has 
the same size. The value for r where the two meshes meet (r ncpl ) is also 
an input value. For the numerical experiments presented here, it was found 
that r ncp i = .75 r c and C 2 = 1.5 produced the best results. 

To determine the values of r at each node in the coarse mesh region, 
the following additional formula is used 


<•!'’ = r{*> 


rg/l<«> - 1 
rtf/W + lJ’ 


® coarse “I” 1)? N coarse > • * . , 2, 1 (9.3.6) 
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9.3.6 FIELD RECOVERY. 

For the thermal part of the problem, the T field is recovered by 
using the values of v r . The electromagnetic fields are determined by using 
the simple finite element approximation of Chapter V, Equation (5.3.6). This 
value was plotted as a step function due to its C~ l continuity. 

9.3.7 TEST PROBLEM. 

In this example, high purity aluminum was again used for the test 
material. The values for k and were calculated as discussed earlier in 
this chapter. The permeability and permittivity for all elements were set to 
Ho and e Q as explained at the beginning of Chapter IV. The reference state 
for v was set as described in Section 9.3.3. The geometry was that of a 
one- dimensional axisymmetric wire as shown in Figure 2.1 with a radius r c 
transporting a total current I equal to 5 amperes in the positive 2 direction. 
The mesh was discretized as described in Section 9.3.5 with r c equal to 
1.15 x 10 -4 , N coarae equal to 50 elements and N fi„ e equal to 30 elements. 
This gave a total of N w i re equal to 80 elements. Because the element for 
the free space magnetic fields had been validated before, no elements were 
generated external to the conductor. The solution tolerance r was 9.0 x 10~ 4 
and required about 2 iterations per step to converge. The estimated condition 
number for ranged from 10816 to 65888. The initial temperature was 

chosen as 1° Kelvin and the loading temperature was 1° Kelvin. The step 
size l n was chosen as .025 and 40 steps were necessary to move the solution 
from the starting temperature of 1° Kelvin to 2° Kelvin. 

The results for the analytical solution and the finite element solution 
for T were so close as to be indistinguishable on a plot. Consequently, Figure 
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9.1 shows the results for the finite element solution for the temperature 
distribution and Figure 9.2 shows the percentage error of the finite element 
solution from the analytical solution as functions of the radial distance at 
the final step (T^ = 2° Kelvin). A comparison of the Euler equations of the 
EM problem (Equation (2.3.11)) and the thermal problem (Equation (4.1.8)) 
shows that they are of an identical form. If k is nearly constant and u M ji €) /k 
approximates a constant, then the behavior of A z and T within the example 
wire should be the same. A comparison of Figure 9.1 with Figures 5.2 and 

7.2 show that this is indeed the case. Figure 9.2 shows the deviation of the 
computed solution from the analytical solution as a percentage error, and it 
ranges from a maximum at r = 0 of 2.860 x 10 -3 to zero at r = r c . 

The primary variables of interest for this research were the B fields, 
and they are the only EM results that are shown here. Figure 9.3 and 9.4 
show the results for the B$ field at the final step. Figure 9.3 shows the Bq 
field over the whole conductor and Figure 9.4 shows the B e field for the 
volume of the mesh with the finer discretization. The percent error r an ged 
from 33.1 percent at r = 0 to 5.89 x 10 -4 at r = r c . By observing where 
the analytical solution intersects the “steps” in Figures 9.3 and 9.4, a rough 
estimate of the accuracy of the finite element solution can be made. The finite 
element solution is exact when the analytical solution intersects the center 
of the step tops’. It can be seen that the analytical solution intersects the 
majority of the “steps” at their center points. It can also be seen that the 
error quickly diminishes as the distance from the center of the conductor 
increases. 

As mentioned earlier, the solution procedure is not exact. Also men- 
tioned was that the exact solution can be computed by setting T 0 to the full 
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Figure 9.1: T vs. r, values for the finite element solution plotted. 
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load, 7 l to zero and using the corrective Newton-Raphson method to iterate 
onto the equilibrium path. 

The above technique was tried for this numerical example and it was 
found that the finite element results presented here differed from the exact 
solution by 4.65 x 10" 2 and 3.43 x 10~ 5 percent for the temperature at r equal 
to zero and r c respectively. The B$ field differed from the exact solution by 
33.3 and 5.60 x 10 -4 percent at r equal to zero and r c respectively. 

A brief word must be said here about the analytical solution of Sec- 
tion 9.2. In general, the analytical solution does not match the exact solution 
because it uses the nodal values of T from the previous step to compute k , 

^ and j z • The analytical solution only becomes the exact solution when 
C is held constant and the solution is allowed to iterate onto the equilibrium 
path. This brings about the rhetorical question, why bother computing the 
analytical solution? 

The analytical solution is computed because it gives some measure 
of how close the finite element solution is to an exact solution. It will always 
give the correct form of the solution, but not the correct magnitude if the 
solution lies close to the true equilibrium path. This is the first step in 
assessing the accuracy of the solution vector produced by the non-linear path- 
following techniques used in this work. The second step is to hold the loading 
parameter constant and then use the corrective Newton-Raphson technique 
to iterate to the exact solution. The exact solution is then compared to the 
original incremental solution. If the difference between the two solutions is 
too large, then the solution procedure has moved too far from the correct 
equilibrium path and a smaller step size needs to be chosen. The solution 
process is attempted again with the new step size and reset to zero. 
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In general, it is not possible to hold the loading parameter constant 
at its final value and iterate onto the exact solution without first following the 
incremental path to that point. There may be bifurcation points or other 
stationary points on the equilibrium path that will not allow the solution 
method to converge to the correct solution by this simple iterative process. 
The problem of the thermally loaded conductor presented here does allow 
the above method to converge because it can be determined where the only 
critical point for this problem lies, that point being the superconducting 
phase transition point. 

The plots for T and Bg presented here show that with an appro- 
priate mesh choice, a reasonable step size and a slowly varying temperature 
distribution that the solution technique presented here is adequate for the 
author’s purposes and little accuracy is lost with this solution procedure. 

9.4 SUMMARY. 

In this chapter, it is shown how thermal fields may be modeled with 
the LINT1D finite element. The CUPLE1D finite element is also adapted 
to the nonlinear solution techniques of Chapter VIII to become the LET ID 
element. This demonstrates the usefulness of the four-potential method and 
the solution techniques for modeling the coupling that occurs between ther- 
mal and EM fields. The four-potential theory is also validated for computing 
the desired EM quantity, the B fields and the effects of temperature on these 
fields by the results presented in this chapter. The use of real values fora;,// 
and e make the problem more difficult to solve, but by using a different mesh 
discretization and scaling techniques, good solutions for the B field can still 
be realized. 
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For this chapter, the case where only thermal loads axe allowed to 
vary is solved. In the next chapter, the case where the EM load I is allowed 
to vary is examined. 


CHAPTER X 


COUPLED THERMAL-EM PROBLEM IN NORMAL CONDUCTOR 
In the previous chapter, the consequences of varying the ther- 
mal loading on a conductor are discussed. In this chapter, the thermal- 
electromagnetic coupling in a normal conductor loaded by varying the cur- 
rent I is discussed. Most of the necessary ground work to consider this 
problem is developed in the previous chapters. Analytical solutions to both 
problems are discussed in previous chapters and are not presented here. The 
solution, mesh discretization and scaling techniques of the previous chapter 
are also implemented for the varying current load problem. The only parts of 
this problem that change are parts of the LINT1D finite element that depend 
explicitly upon j, which is a function of the current load /, and the parts 
of the LET ID finite element that are dependent upon I. The first topic of 
discussion is the modification of the LET1D finite element to include cases 
where I is allowed to vary. 

10.1 FINITE ELEMENT DISCRETIZATION. 

10 - L1 MODIFICATIONS TO THE LET1D FTNTTE ELEMENT 

The first step in adapting the LET1D finite element for a varying 
current load is to split I into an initial current I 0 and a loading current I L 
as was done for the superconductor. Thus I = I Q + ( EM I L , where C t EM is 
the electromagnetic loading parameter. By using the Kronecker delta with 
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the boundary terms, the new equality for I, and Equation (7.2.2), f^ e \ p (e) 
and are expressed as 


f (e) = |K w(e) + K* (e) } v (e) 


K* (e) = 2irH 
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(10.1.3) 


where m again equals N w i re + 1 and H represents the element height. The 
matrix K* (e) is used here to add the boundary terms for k to K (e) discussed 
in Section 7.2.2. K’ (e) also removes the rank deficiency generated by the 
“empty” degree of freedom discussed in Section 7.3.2. The correct value of 
is given by Equations (7.2.3), (7.2.4), (7.2.5) and (7.2.6). Taking the 
partials of f (e) and p (e) with respect to the independent variables contained 
in v (e) gives the tangent stiffness matrix and loading vector, respectively. 
Therefore the tangent stiffness matrix K (e) , the loading vector q (e) and the 
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incremental rate vector are: 


K (e) = K w(e) + K* (e) ; q (e) = / L | 
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( 10 . 1 . 4 ) 


It can be seen that is exactly the same as the stiffness matrix, modified 
for boundary conditions and the extra “empty” degree of freedom of Chapter 
VII thereby justifying the statement at the end of Section 7.1.1 that the two 
are equivalent. A word of caution is necessary here because the expressions 
for ^ and ^ are only valid for cases where the first degree of freedom for 
A z is constrained. For the examples presented in the sequel, this is always 
the case and no further information is needed to solve the EM system of 


equations except that the “empty” degree of freedom for the fifth element of 
v (m) must also be constrained to zero as explained in Section 7.3.2. 
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10.1.2 MODIFICATIONS TO THE LINT1D FINITE ELEMENT. 

The expressions derived in Chapter IX for K^, and f ^ for the 
LINT ID finite element do not depend upon the current load I explicity 
and may be used without modification to solve the current loading problem. 
Because for the LINT1D element does contain j[ e \ it must be varied 
with respect to the loading parameter C, EM to determine what happens to 
the thermal system of equations as I is varied. The result for is 



( 10 . 1 . 5 ) 


The assembled system of coupled thermal and EM equations with this form 
for q can be expressed as 
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EM 
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where q T is now a function of w EM . This form of the equations is undesirable 
because terms of the incremental rate vector appear on both sides of the 
equality sign. Moving q^ to the left hand side produces 


E M 
j<rEMT 



( 10 . 1 . 7 ) 


where K EMT contains the elements of — q r at the appropriate positions. 

This form of the equations is also undesirable for two reasons. First, 
the extra matrix K £MT must be assembled which requires more computa- 
tional effort and memory storage. It also ruins the sparsity and the symmetry 
of the original system of equations and a tridiagonal solver can no longer be 
used to process the thermal equations. Second, K EMT is also a function of 
the independent variable j z . This affects adversely the conditioning of the 
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coupled system and typically requires more iterations to converge upon a 
solution than a set of linear equations, which only requires a single iteration 
to converge. 

If the form of Equation (10. 1.6) is preserved by making q r a function 
of , the original sparsity of the system is retained and computational 
effort and memory storage are reduced. To accomplish this goal, Equations 
(7.1.2) and (7.1.3) are used. Insertion of (7.1.3) into (7.1.2) gives 


/ = /„ + C EM I L 





dr 


( P ) 
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(e) 


( 10 . 1 . 8 ) 


where the superscripts ( p ) and (e) again represent element numbers and 
N w ire is the total number of elements within the conductor. Rearranging 
Equation (10.1.8) and taking the partial of j ^ with respect to £ EM gives 


/ \ 



(10.1.9) 


The bracketed term of the above expression is evaluated when assembling 
K EM and requires less computational effort and memory storage than the 
scheme presented in Equation (10.1.7). The thermal loading vector q r is 
still a function of the EM solution vector \ EM but does not cause difficulties 
in the example problems. The value of \ EM at step n is used to compute w 
at step n + 1 in the same manner that v r is used at step n to compute k 
and u> for K T and K EM at step n + 1. 

The coupled system of thermal and EM equations is conservative 
and the variation of the discretized functionals that describe this system 
should produce a symmetric system of equations. The fact that (10.1.7) is 
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not symmetric is caused by the use of approximations that render them in- 
complete. In Chapter IX, it is assumed that j is only a function of I but not 
of the temperature T, an approximation responsible for the unsymmetry Of 
(10.1.7). This point is mentioned here to emphasize the importance of using 
the nonlinear solution procedure of Chapter VIII and equilibrium path fol- 
lowing procedures to generate correct solutions. For small incremental steps, 
the methods described in this and the last chapter work well for determining 
solutions for the coupled system of thermal and EM equations although the 
complete set of equations is not solved. Because the solution never moves 
too far fr6m the equilibrium path, the missing terms have little effect on 
determining a correct solution. 

10.2 NUMERICAL EXPERIMENTS 

10.2.1 THE FINITE ELEMENT MODF.I, 

The finite element model described in the previous section has been 
applied to the infinite axisymmetric normal conductor of the previous chap- 
tcr. The modifed LET1D and LINT1D finite elements are used to determine 
EM quantities and the temperature distribution, respectively. Both of these 
elements are treated as one-dimensional axisymmetric two node “line” type 
elements. The description of the nodal degrees of freedom and the vari- 
ables associated with each degree of freedom for the LET ID element are the 
same as the CUPLE1D element and are found at the beginning of Section 
7.3.1. The permeability /i, the resistivity uj and the current density j z are 
all assumed to be uniform over each element. 
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For the modified LINT1D finite element, the description of the nodal 
degrees of freedom and the variables associated with each degree of freedom 
are found in Section 9.3.1. The material constants k and u are also deter- 
mined by the same methods discussed in that section. The value used for 
ji * to determine at step n + 1 comes from the EM solution vector at 
step n and dj[ e) /d( EM for q (e) is determined by use of Equation (10.1.9). 

The boundary conditions for this system are the same as described 
in Section 9.3.2 and are set in the same manner. 

10.2.2 ASSEMBLY AND SOLUTION 

The assembly and solution of the coupled EM-thermal normal con- 
ducuctor with a variable current loading is identical to a conductor with 
variable thermal loading except that Equation (10.1.5) is used to determine 
q . The scaling techniques implemented for K E ^ for the thermally loaded 
conductor are also used on K. EM . The mesh generation and field recovery 
techniques used here are also identical to the techniques of Sections 9.3.5 and 
9.3.6 respectively. 

10.2.3 TEST PROBLEM 

A one-dimensional axisymmetric wire made of high purity aluminum 
was used as test example. The geometry is shown in Figure 2.1. The radius of 
the wire r c is 1.15 x 10~ 4 . The wire transports a total current of I a + Q EM I L 
in the positive z direction where I Q is zero amperes and I L is 5 amperes. 
The free stream temperature of the system 7^ is held constant at 2° Kelvin 
by setting the initial temperature T 0 equal to 2° Kelvin and the loading 
temperature T L equal to zero. The convection heat transfer coefficient h conv , 
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the thermal conductivity k and the resistivity axe calculated as described 
previously in Chapters IV and IX. The permeability /J (e) and the permittivity 
e ^ for each element were set to fi 0 and e a respectively, which axe the free 
space or vacuum values, as discussed at the beginning of Chapter IV. 

The mesh was discretized as described in Section 9.3.5 with N coarse 
equal to 50 elements and N fine, equal to 30 elements to give the total of 
elements within the conductor, N w i re equal to 80 elements. Because the 
element for the free space magnetic field had been validated before, none 
were used outside of the conductor. The incremental step size /„ chosen was 
.1 and 21 steps were taken to give a final value for ( EM of « 0.97. The 
solution tolerance r was 1.0 x 10 -4 and the solution procedure averaged 
2.381 iterations per step to converge. The condition number of K EM was 
estimated to range from a low of 14826 to a high of 70969. 

The results of the analytical solution and the finite element solution 
for T are indistinguisable on a plot. Figure 10.1 shows the results of the 
finite element solution and Figure 10.2 shows the percentage deviation of 
the finite element solution from the analytical solution for the final value of 
^EM The maximum error from the analytical solution occured at r equal 
to zero and was 2.67 x 10 -3 . 

To converge upon the exact solution another four incremental steps 
using 14 iterations per step was required. For these four steps Q EM was held 
constant. The results of this final process showed that the finite element 
solution Presented in Figure 9.1 differed by 9.36 x 10 -3 percent at r equal to 
zero and 5.27 x 10 -6 percent at r equal to r c from the exact solution. For 
all increments, the initial or reference state was the finite element solution 
obtained after following the incremental path to ( EM equal to « 0.97. The 
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state at ( EM 0.97 was actually quite close to the equilibrium path. The 
high iteration number required to move the solution back onto the equilib- 
rium path illustrates the difficulty associated with finding an exact solution 
by simply using the corrective Newton- Raphson process. Sometimes, direct 
iteration is not possible or more expensive computationally than just using 
the incremental “path following” solution method presented here. 

Figures 10.3 and 10.4 show the finite element and analytical solutions 
for Bg. Figure 10.3 shows the two solutions plotted over the whole domain 
of the conductor, and Figure 10.4 shows the solutions over the domain of 
the finely graded mesh. At r equal to zero, Bg differs from the analytical 
and exact solutions by 33.3 percent. At r equal to r c , Bg has errors of 
5.91 x 10 -4 and 5.85 x 10 -4 perecent when compared to the analytical and 
exact solutions respectively. 

Although not mentioned until this point, the 33.3 percent error at 
r equal to zero appears to be large. Subtracting out the temperature at r 
equal r c from all of the finite element and analytical values for T and then 
recomputing the percent error for T will give the same error at r equal to 
zero of 33.3 percent. This observation has led the author to believe that the 
error is the same for all systems of equations of the form V • (aV6) = f(b) 
when this system is modeled with finite elements. Here a represents some 
material constant, b the independent variable, and f(b ) some function of the 
independent variable b. If the above observation is correct, it should always 
be possible to correct any error when modeling a system of this form. 

A quick look at Figures 5.3, 5.4, 7.3, 7.6, 9.3 and 10.3 shows that the 
correction is probably unnecessary. The divergence of the computed solution 
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Figure 10.1: T vs. r, values for the finite element solution plotted. 
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from the exact solution is so small as to be almost unnoticeable and from a 
practical engineering standpoint, the error is not noticeable. 

The reason that the 33.3 percent error appears to be large is because 
the computed solution is compared to the exact solution on a node to node 
basis. This is formally expressed as 


M BFE ( r ) — BEx ( r ) 

% error = x 100 

Bexv) 


( 10 . 2 . 1 ) 


where Bp E and Bex are the finite element and exact values respectively for 
the Be field. A more realistic error estimator for engineering purposes is 


% error = x J00 

Bex(h + B E x(r c ) 


( 10 . 2 . 2 ) 


This type of error estimate has been used to compute the error for T in 
this and previous chapters. When computing T on a node by node basis, 
the boundary loading has already been factored into the estimator. The 


conclusion of this brief digression is that an error estimator by itself is not 
always a good indicator of the accuracy of a finite element model. Graphics, 
a relationship of numerical answers to the actual physics of a modeled prob- 
lem and good engineering common sense should all be used with an error 
estimator to judge the validity and usefulness of each finite element model. 


10.3 SUMMARY. 

In this chapter, a form of the LINT1D finite element is derived for the 
case where I is varied instead of T. The LET1D finite element is modified, 
and using a nonlinear solution technique it is possible to compute some good 
values for the thermal and magnetic fields of a one-dimensional axisymmetric 
conductor. 
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This represents the next to the last phase of this work’s analysis of 
the coupled quantum phase-EM-thermal problem for superconductors. It 
is now possible to generate models of the superconducting material in its 
normal and superconducting phases. It is also possible to determine the 
effect of varying either the thermal 7 or current I loading of that material. 

The next chapter is concerned with the use of the final versions of 
the LINT1D and LET1D finite elements with the STEP1D finite element 
in a single computer program. This program is used to determine the cor- 
rect state of a superconducting material and the values of the thermal and 
magnetic fields. 


CHAPTER XI 


THE COMPLETE COUPLED PROBLEM. 

This chapter is concerned with the correct application of the LINT1D, 
CUPLE1D and the STEP1D finite elements to the the specific problem of 
determining the electromagnetic and thermal fields within a superconducting 
material. The main limitation on this model is that it is only one-dimensional 
and cannot realistically model the state where B and T reach their critical 
values because, as noted previously, the solution at the transition state is a 
multi-dimensional problem. At this bifurcation point, a mixed normal and 
superconducting state appears that needs to at least include variations of 
ip in the 2 direction to obtain an accurate model of the physics that occur 
within a conductor [21, pp. 99-103; pp. 127-191]. This point also marks where 
the computed solution must change equilibrium paths to accurately model 
the physics of the electron transport within a conductor. 

The methodology required to model a superconductor when the ther- 
mal loading is varied is first discussed in some detail. Then the question of 
how to determine if a computed solution lies above or below the bifurcation 
point is discussed. Means to determine whether or not such a solution is 
correct are also presented. These means form the basis of an equilibrium 
path changing criteria, finally, results that show the model changing state 
as I and are varied are presented to validate the path changing criteria. 
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11.1 A SUPERCONDUCTOR WITH A VARYING T LOAD. 

To use the incremental approach to solve the superconductor with 
a varying thermal load, f EM and p EM axe varied with respect to v T and 
C T . The thermal quantities f ~ and p^ are also varied with respect to \ EM . 
Doing so produces a system of incremental equations that can be partitioned 
in the following manner: 


K 


EM 


K 


EMT 


0 


K 


{tn-te} 


(li.i.i) 


where K EM and K T are the previously derived tangent stiffness matrices for 
the superconducting and thermal conduction problems respectively and q T 
is the previously derived loading vector for the thermal conduction problem 
with convection boundary conditions. The matrix K £MT i s df EM /dv T and 
the zero entries on the left and right hand sides of the equality sign appear 
because df ^ jd\ EM = 0 and d<\ EM jdC^ = 0. Because the resistivity of each 
element u/ e) is zero for a superconductor, only one nonzero term appears in 
q T - This term has a magnitude of 7l and appears at the degree of freedom 
for T associated with the radial distance r c . 

Solving the set of thermal equations produces the simple result that 
T is a constant over the whole conductor, the value of T at each node being 
equal to T 0 + Cn+i^L- This simplifies the solution procedure considerably 
because the thermal equations K T w T = q T , need not be solved by assem- 
bling and inverting K T . Instead of solving (11.1.1), which also requires the 
assembly and storage of K EMT , the corrective Newton- Raphson technique 
is used to directly iterate to a solution for \ E ^ . This is accomplished by 
solving the superconductor problem with the current load I held constant. 
The value for T at each node is the value of T at the n + 1 step, T 0 + C^+ 
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where C«+i equals Cn + and the quantity l n is the input step size. This is 
the value of T that is also used to determine a and /?, since they axe both 
functions of T and their values axe required to obtain the correct EM tangent 
stiffness matrix J £ EM . 

Essentially this is the same incremental/iterative solution method 
used in the two previous chapters to generate the exact solutions for T (e \ 
ji e ^ and Aj C) . The loading parameters and ( T axe held constant and 
the system is allowed to iterate onto the equilibrium path. As mentioned in 
those chapters, this technique can fail or become computationally expensive 
when a large number of corrective iterations is required. Early in the testing 
of the STEP ID element, it was observed that a reasonable solution for 
and could be obtained in this manner if the reference state is set so that 
all unconstrained values of |^| (e) are equal to |^oo| and all values of are 
set equal to zero. The number of iterations needed for convergence with 
this reference configuration was usually less than ten. This configuration is 
also identical to the initial reference state that is used to start the solution 
procedure for a superconductor when the current loading I is varied. This 
means that the subroutine that generates the initial reference state for the 
varying current problem can also be used to generate a reference state for 
the varying T problem thereby reducing the logic and memory requirements 
of a code that solves both problems. 

The computational cost of using the above solution method is that 
more iterations are require^ at each step and the reference configuration must 
be recomputed at each step. There is also no guarantee that the solution 
method will convege but numerical experiments strongly suggest that it will. 
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The corrective Newton- Raphson technique is therefore used to solve 
the problem of a superconductor with a varying thermal boundary load for 
the following reasons: 

1. Assembly and storage of K EMT is unnecessary. 

2. The number of iterations required per step is relatively modest. 

3. Convergence, as determined by numerical experiments, always occured. 

4. The reference state is identical to the initial configuration of the I load- 
ing problem, allowing the use of one subroutine to set either configura- 
tion. 

11.2 DETERMINATION OF THE CORRECT EQUILIBRIUM PATH. 

To check whether the conductor is in the normal or superconducting 
state, one determines the critical temperature 7 C and the critical magnetic 
field B c . Then B c and 7 C are compared to the largest magnitude of B and the 
highest temperature 7 (typically 7, x ) field within the conductor. If either T c 
or B c is exceeded, a superconductor changes quantum states and becomes a 
normal conductor. This change of state occurs because at 7 equal to 7 C or B 
equal to B c a bifurcation point for the equilibrium paths of a superconductor 
and a normal conductor exists. 

The existence of this bifurcation point also means that if the con- 
ductor is originally in the normal state and 7^o falls below 7 C and the largest 
value of B within the conductor is less than B c , the material becomes su- 
perconducting. It is therefore important to know the values of 7 C and B c so 
that the position of the bifurcation point along the equilibrium path can be 
determined. The critical temperature 7 C is a material constant, and is de- 
termined either by experimentation or by referencing previous experimental 
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data. The critical B field B c is determined by using Equation (4.4.1) which 
is a function of the temperature T. 

An alternative method for finding the correct conductor state is 
to compute the Helmholtz free energy for the superconducting and normal 
states of a conductor for the same thermal and current loading conditions. 
After finding the free energies of both systems, the state of the system can 
be determined by choosing the system that has the lower free energy. This 
approach is computationally inefficient because it requires solving for the de- 
grees of freedom v of both states at every incremental step. It also requires 
knowledge of the heat capacity of the material for the superconducting and 
normal states of the material, and finding these values can be a task of con- 
siderable difficulty because of the dearth of experimental data. The first 
approach is therefore chosen here. 

Following the first approach, the B fields and T distribution as de- 
termined by v n -j-i are checked at the end of each incremental step to see 
if they are sufficiently small so that a superconducting state is possible. If 
that is the case and the system was originally in the normal state at step 
n, then is solved for again at step n + 1 using the superconducting 

finite element STEP ID. If that is not the case and the condutor was in the 
normal state at step n, then the solution at step n 4- 1 is accepted and the 
program proceeds to the next step keeping the normal conducting state ele- 
ment LET1D. If the B fields and the T distribution are small enough at step 
n + 1 and the system was origir^Uv in the superconducting state at step n, 
the solution vector v n _)_ j is accepted and the solution process moves to the 
next step using the STEP1D finite element. Finally, if either of the two fields 
are too large for a superconducting state to exist, then v n+1 is recomputed 
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using the LET1D finite element and the solution method moves to the next 
step using the LET1D finite element. 

For the one- dimensional problem, this methodology appears to be 
optimal and is the one used for the present numerical experiments. It has 
the key advantage that knowledge of the heat capacity of the material is 
unnecessary. Furthermore, the solution vector v only needs to be computed 
twice when the system changes state. If the second path determination 
method that involves computing the Helmholtz free energies of the normal 
and superconducting states is used, the solution vector v must be computed 
twice at every step. 

The first approach naturally delineates the tests for the proper equi- 
librium state of the system into four separate cases where a change of state 
may occur. These cases are: 

1. System originally in the superconducting state, thermal load increasing. 

2. System originally in the superconducting state, current load increasing. 

3. System originally in the normal state, thermal load decreasing. 

4. System originally in the normal state, current load decreasing. 

For cases where the system is originally in the superconducting state 
and the current or thermal loading is decreasing, the system remains in 
the superconducting state because the solution is moving away from the 
bifurcation point and no problems involving equilibrium path changing are 
posed. Similarly, when the system is originally in the normal state and the 
current or thermal loading is increasing, the solution remains in the normal 
state because it is moving along the normal state equilibrium path away 
from the bifurcation point. Again, this poses no problems to the solution 
procedure. 
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The comparison of T c to Too, the first path changing criterion, is rela- 
tively straightforward and only involves the computation of 7^ at each step. 
The second criterion can cause problems. This criterion states that B for 
every element of the conductor must be below B c for a superconducting state 
to exist. Comparing B over each element to B c can become computationally 
expensive as the number of elements used to model a problem increases. This 
computational expense can be reduced by finding a priori where B attains 
its largest value within the conductor. For the one-dimensional axisymmetric 
infinite conductor, B attains its largest value at r c . A cursory examination 
of Equation (5.1.8) verifies that the preceding statement is correct. Equation 
(5.1.8) can also be used to determine that 

Bi(rc) = (H- 2 - 1 ) 

where /i 0 replaces fi for example conductors of this work, as discussed in pre- 
vious chapters, and / r j • n c dT is equal to I. By using this analytical solution 

for B$(r c ), a simple means exists for determining if a superconducting state 
is possible. 

The only situation not discussed so fax is when the incremental solu- 
tion falls directly upon the bifurcation point. As explained previously, at this 
point the physical solution cannot be modeled by one-dimensional elements 
and the LET1D element is used to model EM quantities although the solu- 
tion generated does not represent the correct physical state of the system. 
This method is used so that the „ ’"t.'.on method can proceed to the next 
step without failing. The LET ID element does not fail at this point because 
it is based upon a potential energy formulation. The STEP ID element fails 
because it is based upon the difference of the Helmholtz free energies of the 
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superconducting and normal states. At the bifurcation point, this difference 
is zero and the tangent stiffness matrix J£ EM becomes singular. 

The physical significance of what is occuring is that both the normal 
and superconducting states possess the same energy. In the actual physics, 
a variation of xj) occurs in the z direction, and the system chooses the eigen- 
state that possesses the lowest possible energy and entropy. To extend the 
current superconducting model to this problem, an adaptive mesh appears 
to be necessary to determine the boundary between parts of the conductor 
that are normal and superconducting. The adaptive mesh is also required to 
make K EiW well-conditioned enough that reasonable values of EM quantities 
can be generated by standard nonlinear solution techniques. Unfortunately, 
time limitations on the thesis research precluded the development of an adap- 
tive two-dimensional mesh and the examination of the physics of this most 
interesting and challenging problem was foregone. 

The STEP ID finite element used for the thesis research should pos- 
sess a rank deficiency of one at the bifurcation point. In an effort to gain 
a better understanding of what was occuring at the bifurcation point with 
the finite element model, the model was forced to converge upon this point 
by setting the thermal loading to the critical temperature T c and setting 
the current loading to a value that would generate the critical field B c at 
the outer conductor boundary r c . The corrective Newton- Raphson solution 
method was then used to iterate to the bifurcation point. The finite element 
model actually converged and returned a quantum state that carried no cur- 
rent and an applied external field of B c at r c . Even though should be 

singular at this point, a fact that precludes convergence, it is believed that 
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the STEP1D model converged for two reasons. First, the CNR iterative pro- 
cedure is stopped when the 2-norm of r is smaller than the input tolerance 
t. Second, the scalings and the factorization of introduce numerical 

round off errors that perturb the generated solution off of the bifurcation 
point just enough to render K EM nonsingular. 

The STEP1D model returned the result of an applied external field 
and no current in the conductor because it does not enforce the current 
conservation constraint I - f r dTn c • j = 0. The addition of this constraint 
automatically allows an EM model to distinguish between cases where the 
field at r c is generated by a current I or by an externally applied B field. 
The eigenvalue analysis of K EM for earlier versions of Ginzburg-Landau and 
London superconducting finite elements that contained the current conserva- 
tion constraint showed that the current conservation constraint is redundant 
when no external fields are applied to the system or when does not lie 

upon the bifurcation point. These two cases axe not considered in this work 
and are not presented here. 

To summarize, the basic path determination process is as follows: 

A. Solve system of equations for v n+1 . 

B. Find ^ by using T^ = T 0 + (Z +1 T L . 

C. Find B c at 7^ by using Equation (4.4.1). 

D. Find I by using I = I a + C EI ^+Jl- 

E. Find B$ at r c by using Equation (11.2.1). 

F. If B${r c ) > B c , go to H.; if not, go ^ G- 

G. If 7^, > T c , go to H.; if not, go to I. 

H. If the current EM element type is STEP1D, change it to LET1D and go 
back to A.; if it is not, go to J. 
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I. If the current EM element type is LET1D, change it to STEP1D, reset 
the reference state of \ EM and go back to A.; if it is not, go to J. 

J. Accept solution vector v n+1 for the current step. 

Additional logic statements are included in the actual coding to help 
prevent the STEP1D element from exceeding the bifurcation point. Beyond 
the bifurcation point, the element will “zero in” upon the same type of solu- 
tion that occurs when the element is forced to converge upon the bifurcation 
point. A quantum state is generated where there is no current in the con- 
ductor and a boundary Bg field loading of magnitude (^ 0 /)/(27rr c ) exists. 
This state usually requires more iterations to converge upon a solution and a 
larger solution tolerance r than physical states that lie below the bifurcation 
point on the equilibrium path. Non-physical solutions for the superconduc- 
tor that lie beyond the bifurcation point can also cause the CNR procedure 
to fail if r is too small or if the maximum number of allowed iterations for 
the solution procedure is exceeded. 

To prevent the STEPlD element from moving past the bifurcation 
point and encountering these problems when the current load I is being 
incremented, steps C through E of the path determination procedure are 
performed prior to each corrector iteration. The current iteration value of 
is used for step D because the actual step size along the equilibrium 
path may change with each iteration. If the step size changes, then 
changes for each iteration and so does the value of I. If B c is exceeded at r c 
for any iteration, the program changes the element type to LET1D, and the 
solution procedure restarts at step n and attempts to increment the loading 
to step n + 1. 
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For the case where the thermal loading is varied, steps B through 
E are performed prior to each predictor step. For this case where the tem- 
perature T is being incremented, the current I is held steady and causes no 
problems because ( > EM is held constant and is known before the predictor and 
corrector steps are taken. T is also known a priori as being T 0 + (£•[ + l n )T L 
at step n 4- 1 as discussed in Section 11.1. Because Cn+i is known before 
the solution procedure begins, steps B through E of the path determination 
process can be used to determine if the solution vector will move past the 
bifurcation point before the solution process begins. Inserting this test before 
the predictor step keeps the program from performing an unnecessary solu- 
tion step. After steps B through E of the path determination process axe 
performed, B c ( 'Tn+i ) and T c are compared to Bg(r c ) and Tn+i respectively. 
If either of the two latter quantities exceed their critical values the EM el- 
ement type is changed to LET ID and the solution procedure is allowed to 
continue. If the critical values are not exceeded, the solution procedure is 
allowed to continue unaffected. 

11.3 NUMERICAL EXAMPLES. 

The LINT1D, LET1D and STEP1D finite elements derived in previ- 
ous chapters have been applied to the solution of the test problems described 
later in this section. The CUPLE1D and STEP1D elements were used to 
determine EM quantities and the LINT1D element was used to determine 
the thermal distribution for the normal so- te of the superconductor. The 
temperature of each node of the superconductor is calculated as described in 
Section 11.1 of this chapter. The description of the nodal degrees of freedom 
and the calculation of the material properties of each element may be found 
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in their respective chapters. The application of boundary conditions, scal- 
ing techniques, mesh generation techniques and the assembly and solution 
techniques are also described in the respective chapters. For the graphical re- 
sults generated in this chapter, B e was calculated by using the integral form 
of Maxwell’s inhomogeneous equation for magnetic fields, Equation (7.1.5). 
This equation requires knowledge of ji ^ to determine Be- For the super 
conducting phase, j£ e) is calculated by using Equation (3.2.16) and for the 
normal phase j{ e) is calculated by using the elemental values returned in the 
solution vector v. The integral of Equation (7.1.5) is evaluated by 2 point 
Gaussian integration. 

11.3.1 PROBLEM 1: VARYING T LOAD. 

For this problem and the next, the test material is high purity alu- 
minum. Reference and initial states of the system are set as described in 
previous chapters. The geometry is that of a one-dimensional axisymmetric 
wire as shown in Figure 2.1. The wire radius r c is 1.15 x 10" 4 meters and 
transported a total current / in the positive 2 direction. The initial current 
I Q is 1 ampere and the loading current I L is 0 amperes. The initial free 
stream temperature is .5625° Kelvin and the loading temperature I L is 1° 
Kelvin. Because the free-space magnetic field element has been validated 
previously, all elements are within the wire. The mesh for the superconduct- 
ing phase has 98 elements in the boundary layer and 2 elements in the bulk 
layer while the mesh for the normal phase of the conductor has 50 elements 
in the coarse mesh and 50 elements in the fine mesh. As in Chapters IX 
and X the depth of the fine mesh was .25 r c for the normal conductor. The 
depth of the boundary layer mesh for the superconducting phase varies with 
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temperature as discussed in Chapter VIII. The step size /. is chosen as .0125 

and 80 steps are used to increment f from 0.0 to 1.0. A solution tolerance 

r of 4 x 10 17 is used for the superconducting state and 9 x 10— is used for 
the normal state. 

The solution procedure required 41 steps in the superconducting 
phase averaging 4.61 iterations per step. The estimated condition number 
for these steps ranges between 181 and 834. The solution procedure then 
required 39 steps in the normal phase with an average of 2 iterations per 
step. The estimated condition number varies between 29861 and 204664. 

Data output flies for all of the figures to be shown for all examples 
in this chapter are saved every tenth step and all graphical representations 
of this data are labeled with the appropriate values of ( T or C £ " when 
it was possible. Graphical representations of each data set are generated 
by using the PLOT2D utility to produce a raster file and then using the 
raster files to create a PostScript language file. This is mentioned because 
the graphical representations of data sets are subject to the limits of the 
PLOT2D utility. The data sets for each variable were then loaded into a 
single file, and PostScript language commands were used to generate axes 
and data set labels and legends. This is mentioned for researchers who 
wish to duplicate the graphical results because the PLOT2D utility does not 

possess the ability to add the desired labels and font types or graph 10 sets 
of data on a single graph. 

Results for the temperature distribution -thin the wire are shown 
in Figure 11.1 and match the expected physical behavior. The results for 
WVliAooP in the region 1.023 x 10- < r < r „ are presented in Figure 
11.2. The value of the normalized value of \^\ is not shown over the whole 
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conductor because all of the physics of interest occured within the boundary 
layer. The value for \xj)\ /l^od 2 for r in the region 0 < r < 1.023 x 10 -4 is 
a constant equal to 1.0. The expected physical behavior for the normalized 
value of IV’I m the boundary layer was that as the temperature increased, 
the boundary layer depth would increase and |V’| 2 /|^oo | 2 would vary over 
a wider range of r. This physical behavior is accurately captured by the 
STEP1D element and is shown in Figure 11.2. Figures 11.3 and 11.4 show the 
value of the current density j[ e) in the normal and superconducting phases 
respectively. For the superconducting phase, only the boundary layer values 
are shown with all other values of j{ e) being equal to zero. The value of 
at each node for the superconducting phase is calculated by use of Equation 
(3.2.16). Because the current I was steady, the magnitude of the current 
density should decrease as the temperature increases for the superconducting 
phase. The boundary layer depth should also increase. Again both physical 
characteristics are accurately depicted by the STEP1D model. 

For the normal phase of the conductor, ji e) is depicted as a step 
function in Figure 11.4. The step function represention is necessary because 
the current density is approximated by a step function over an element by 
the LET ID finite element. The results for the steps where ( equals 0.7 
and 0.9 were omitted for clarity. By referring back to Figure 11.1 some 
determinations can be made about the behavior of j ( z e) for the normal phase. 

It can be seen that the temperature is higher at the center of the conductor 

than at r c . The resistivity should also be higher at the center and should 
be smaller there. 
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As the temperature of the wire increases, the amount of thermal 
energy produced by the current I through a wire should remain almost con- 
stant. The rest of the thermal energy in this system comes from the free 
stream temperature boundary conditions. The significance of this is that 
the temperature distribution in the wire should become more homogeneous 
and the magnitude of the heat absorbed by the system from the free stream 
boundary conditions should eventually become greater than the magnitude 
of the heat produced by resistance to the current I. The resistivity will also 
be determined more by the boundary conditions than by the heat generated 
by the steady current I. The temperature should become more homogeneous 
throughout the wire and the resistivities and current densities should follow 
suit. This expected behavior is accurately modeled by the finite element 
approximation as can be observed in Figure 11.4. 

The only behavior that at first appears to be non-physical is the 
jump in the magnitude of the current density as the conductor changes from 
the normal to the superconducting phase. This is easily explained because 
ji e) is a function of the resistivity u and the E field for the normal state while 
it is a function of A ( z e) and \tp\ for the superconducting state. The easiest 
way to verify that the current density predicted by the finite element method 
is exact is the use of the integral form of Maxwell’s inhomogeneous magnetic 
field equation (Equation (7.1.5)) to evaluate Bg at r c . This equation requires 
that no matter what the j z distribution may be, that for wires carrying the 
same current /, the value of Bg at r c will always o'* the same. Because the 
current I is held steady for this example, Bg should always be the same at r c 
independent of the quantum state of the conductor. Figure 11.5 shows this 
expected behavior accurately and also demonstrates why Equation (7.1.5) 
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has been used to compute the Bg field for the results presentation of this 
chapter. Equation (7.1.5) allows the value of B e to be computed at each 
node while the equation used in previous chapters, Equation (5.3.2), only 
allows the computation of the mean value of Bg over each element. By 
using Equation (7.1.5), the accuracy of computed values of j[ e) can easily be 
verified by comparing values of Bg at r c . 

Figures 11.5 and 11.6 show the distribution of the Bg field within the 
conductor as the temperature was increased. Figure 11.5 shows only values 
of Bg that lie within the boundary layer while Figure 11.6 shows values for 
the normal state of the conductor for r between 0 and r c . In Figure 11.5 it 
can be seen that the Bg field penetrates more deeply into the conductor as 
the temperature of the conductor increases. This is the desired and expected 
physical behavior. In Figure 11.6, it can be seen that the small increase in 
the temperature for C T equal to .6 to 1.0 produces no significant changes 
in the Bg field. The changes are so small that the PLOT2D utility connot 
discern changes in Bg as the temperature increased although there is a small 
change in the Bg field that follows changes in j[ e) . The maximum nodal 
change of Bg as C T is varied from .6 to 1.0 was ~ 2 x 10“ 4 percent. This 

percent difference of B e occurred between the states where ( T was equal to 
.6 and 1.0. 

H-3.2 PROBLEM 2: VARYING / LOAD. 

As mentioned earlier, the test material is high purity aluminum. 
Reference and initial states are set as described in previous chapters. The 
geometry is the same as that of Problem 1 of this chapter with r c being 
equal to 1.15 x 10 meters, N coarae = Nfj ne = 50 elements for the normal 
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state and N bu ik and N bound being equal to 2 and 98 elements respectively 
for the superconducting state. The initial current I a is 1 ampere and the 
loading current /j, is 2.1 amperes. The initial free stream temperature “Tq is 
1° Kelvin and the loading temperature T L is 0° Kelvin. Again no elements 
were generated external to the conductor/free space boundary located at r c . 
Meshes for both states are generated as described in Chapters VIII and IX. 
The step size l n is chosen to be .01 and 80 steps were used to increment ( EM 
from 0.0 to .73. The solution tolerances r of 4 x 10 -17 and 9 x 10" 4 are used 
for the superconducting and normal states respectively. 

The solution procedure required 40 steps in the superconducting 
phase averaging 3.65 iterations per step. The estimated condition number 
for these steps ranged between 231 and 10935. The solution procedure then 
required 40 steps in the normal phase averaging 2.05 iterations per step. 
The estimated K condition number for these steps varied between 28146 
to 181319. Data output files were saved every tenth step as stated in the 
previous section. 

Results for the temperature distribution in the whole wire are shown 
in Figure 11.7. Because the free stream temperature T*, is held constant at 1° 
Kelvin, the major source of heat energy comes from resistance of the current 
flow I through the wire rather than from boundary loading. This caused the 
temperature differential between the center of the wire and r equal to r c to 
be greater than in Problem 1 of the previous section. This expected physical 
behavior is shown in Figure 11.7. 

Figure 11.8 depicts the behavior of MViV’oo! 2 f° r the region where 
r varies between 1.0597 x 10~ 4 and 1.1887 x 10“ 4 meters. For r between 0 
and 1.0597 x 10 -4 meters, IV’lVlV’ool 2 is unity. Graphical results of the data 
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obtained for e q ua ] to and 3Q are omitted for clarity. Physically 

it is expected that as the current I is increased, the system will move to a 
higher energy state. As the energy of the system increases, the boundary 
layer should widen independently of whether the energy source is thermal 
or electromagnetic in nature. This behavior is accurately reflected in Figure 
11 . 8 , but comparison of this plot with Figure 11.2 shows that for the current I 
loading case, it appears that there was more of a shifting of the distribution of 
the Cooper pairs towards the center of the conductor rather than a reordering 
of the distribution. An explanation of the physics of these two cases can be 
made by invoking the London model of superconductivity. 

With the London model, the number density of Cooper pairs |t/>| 2 
is only a function of the temperature T and is equal to iV'ool 2 - Using this 
information and refering to Equation ( 4 . 4 . 4 ), it can be seen that as the 
temperature increases, the total number of the Cooper pairs will decrease. 
This is the general behavior of the Ginzburg-Landau superconductor as well. 
As the temperature increases in Figure 11.2, the number of Cooper pairs 
in the current stream must also remain constant because I is constant. To 
maintain the same number of Cooper pairs within the current stream as T 
increases, the system must reorder itself and impart a kinetic momentum to 
pairs that lie deeper within the boundary layer. 

For the case of an increasing current I and steady temperature T, 
the total number and distribution of the Cooper pairs must remain approx- 
imately constant. As the current I is increased, the number of the Cooper 
pairs remains essentially constant, but the number of Cooper pairs with a 
kinetic momentum increases. This increase in the energy of the system de- 
stroys some of the Cooper pairs. The annihilation of Cooper pairs occurs at 
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the most energetically favorable position, within the boundary layer. This 

• 

also serves the dual purpose of widening the boundary layer, upon which 
an increased number of Cooper pairs with kinetic momentum is allowed to 
move more easily. This expected behavior explains why there is more of 
a “shifting” of the distribution of the Cooper pairs in Figure 11.8 than a 
reordering of the distribution. The boundary layer is widening in response 
to the increasing number of pairs with a kinetic momentum. In Problem 1, 
the amount of Cooper pairs annihilated by the increasing thermal energy is 
much greater than those destroyed by the increasing EM energy of Problem 
2. This relative change in the number of Cooper pairs as an incremental step 
is taken explains the nature of the difference of the two plots. 

Figures 11.9 and 11.10 show the change in ji' ^ as C, EM was incre- 
mented. Figure 11.9 shows the superconducting state and Figure 11.10 shows 
the normal state. Figure 11.9 only shows values in the boundary layer. Out- 
side of this layer, the plotted values of j\ ’ for the superconducting state 
vanish. For this figure, different line types and a legend are used so that 
the plots for equal to .30 and .32 are more easily distinguishable. The 
graphical representation of in Figure 11.9 matches the expected physi- 
cal behavior. As I is increased, the boundary layer should spread and the 
magnitude of ji ^ should also increase. The STEP1D finite element also 
captured this expected behavior well. As in Problem 1, the current density 
should be higher at r c than the center of the conductor for the normal state. 
There should also be an increase in the magnitude of j\ ’ »s the current I 
is increased. The LET1D element performed as expected and modeled this 
expected physical behavior. 
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Figures 11.11 and 11.12 show the Finite Element values of Bg plotted 
over the boundary layer and the whole conductor respectively. Figure 11.11 
omits the labels for £ EM equal to .50 and .66 for clarity. Similarly, Figure 
11.12 omits the labels for £ EM equal to .16, .23, .30, .50 and .66. The ex- 
pected physical behavior for the superconducting state is that as the current 
increases, the magnitude of Bg will increase and penetrate more deeply into 
the boundary layer. For the normal state, the magnitude of Bg should keep 
on increasing but it should also be an almost linear function of the distance 
r from the center of the conductor. Both of these physical behaviors are 
again modeled well by the finite element computed solutions and illustrate 
the ability of the four-potential based finite elements to model EM fields. 




Figure 11.1: T vs. r. Values of T for complete mesh plotted. 
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Figure 11.3: j, vs. r. Nonzero values for j z plotted for the superconducting state. 
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Figure 11.4: j z vs. r. Values of j z for complete mesh plotted for the normal conducting state. Graphs for ( 
and .9 omitted for clarity. 
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Figure 11.9: j t vs. r. Nonzero values for j z plotted for the superconducting state. 
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11.4 SUMMARY. 

This chapter “glues” together all of the previously derived finite el- 
ements into a comprehensive program that can determine the correct equi- 
librium state of a thermally and quantum mechanically coupled EM system. 
The primary emphasis is the discussion of the results for two different cou- 
pled problems but two other topics are also discussed: the solution of the 
superconducting problem where I is constant and 7^ is varied, and the de- 
termination of whether an EM system is in the superconducting or normal 
state. 

The constant /, varying 7^ problem mentioned above is solved 
rather easily as is the determination of the correct quantum state. The 
only real problem and failing of the final model that is developed here is its 
inability to accurately model a system within a conductor that has mixed 
normal and superconducting states near the transition point. Fortunately, 
the four-potential method is readily extensible to the solution of this problem 
although it is not addressed in this thesis primarily because the development 
of an adaptive two-dimensional mesh to deal with conditioning problems of 
the tangent stiffness matrix would have required a considerable investment 
of time and effort. 



CHAPTER XII 


CONCLUSIONS. 

12.1 SUMMARY OF WORK. 

As mentioned in Chapter 1, the primary purpose of this work is 
to develop a finite element model for types I and II superconductivity that 
can accurately predict EM quantities. This model is to include thermal ef- 
fects and to have the ability to change between superconducting and normal 
phases when necessary. Originally, this model was to be based upon the four- 
potential variational principle to reduce the number of degrees of freedom 
per element node. However, it was discovered during the course of research 
that the four-potential variational principle offered more advantages for the 
analysis of EM problems than just the simple reduction of element nodal de- 
grees of freedom. More important is the ability of the four-potential method 
to model any EM problem that has been posed here through the adjunction 
of constraints by a Lagrangian multiplier. An equally important advantage 
of the four-potential method is that B and D discontinuities at material 
interfaces are enforced automatically and require no special attention from 
the user. The current predicting elements presented in this work required a 
special boundary treatment solely because j is used as an independent vari- 
able instead of <$. This choice was made originally to simplify the current 
conservation constraint and was not changed. The simpler formulation 
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given by Equation (3.1.5) reduces the number of degrees of freedom required 
by a one-dimensional current predicting finite element by two. 

To produce the desired four-potential based EM finite element men- 
tioned in the first paragraph, a functional that used A and $ is first de- 
veloped for any arbitrary material. This functional is then augmented by 
the Lorentz gauge constraint to ensure that A is unique. The augmented 
functional is then applied to one and two-dimensional geometries and the 
natural boundary conditions of the two geometries are determined. At this 
point, it was determined that a further extension of the new functional was 
necessary to model the more general case of an unknown current density j. 
This extension is necessary because the arbitrary nature of geometries for 
EM problems does not always permit a priori knowledge of the distribution 
of a current within a conducting medium. It was also realized that tempera- 
ture differentials within a conductor make the resistivity within a conductor 
inhomogeneous. The varying resistivities also preclude an a priori knowledge 
of j within a conductor. 

To model the thermal effects that are eventually added to the EM 
model of a normal state conductor it was therefore necessary to extend the 
previously derived four-potential functionals to include cases where j is un- 
known. This is accomplished by augmenting a gauged form of the four- 
potential functional by an additional constraint, the current conservation 
constraint. The functional is also modified by making j a primary variable 
instead of $ through the use of the constitutive relation between $ and j. 
This substitution requires the additional augmentation of the functional by 
a boundary continuity constraint. The additional constraint is necessary 
because the previous substitution for $ inhibits a necessary integration by 
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parts that ensures the continuity of the E field across material interfaces. 
The final functional is a four-potential based functional for determining EM 
fields in linear conducting materials. 

The next phase extends the four-potential variational principle to 
cover type I and II superconducting materials. The Ginsburg-Landau equa- 
tions provide the necessary basis for this extension. The variational func- 
tional used to derive these equations contains the magnetic vector potential 
A. This functional also contains terms that represent a Landau expansion of 
the Helmholtz free energy of the quantum wave order parameter t/> around 
the critical temperature T c . To adapt this functional to the four-potential 
method the electric field energy Ue is added and the gauge constraint ad- 
joined. The gauge constraint used here is the London gauge which is identical 
to the Lorentz gauge for magnetostatic problems. Because all of the super- 
conductivity cases that are considered here are free of electrostatic charge, 
the electric field energy Ue is zero and this term is not included in the 
functionals of this work. After the augmentation of the Ginzburg-Landau 
variational functional by the London gauge constraint is complete, the two 
material parameters a and /? of the Landau expansion are determined as 
functions of the effective penetration depth \ e ff and the critical magnetic 
field B c of a superconducting material. 

Conventional thermal field variational functionals are then used to 
describe the thermal energy of the EM systems under consideration. The 
temperature dependence of material parameters is also developed for con- 
ductors in both the superconducting and normal states. 

This modeling work completes the necessary background for the de- 
velopment of EM finite elements that are thermally and quantum phase 
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coupled. Elements and solution procedures are then developed. The most 
significant features of the finite elements are: 

1. The normal element has the ability to predict current densities with a 
high degree of accuracy. 

2. The superconducting element has the ability to show the current density 
distribution in much greater detail than ever before. The significance of 
this feature is that if the Ginzburg-Landau model of superconductivity 
is correct, there is a greater understanding of the physics that occur 
within a superconductor. 

3. A nonlinear superconducting finite element that does not require path 
following procedures to determine equilibrium states if the correct ref- 
erence state and mesh are chosen. 

4. A superconducting finite element that also is rapidly convergent upon 
a solution, well conditioned and, as far as the author has been able to 
determine, generally convergent upon the equilibrium solution provided 
the correct reference state and mesh have been selected. 

5. The combined use of the thermal, normal, and superconducting el- 
ements provides for a comprehensive program that can analyze any 
physical equilibrium state of a conductor except for the mixed nor- 
mal/superconducting state. Appropriate modifictions to allow for the 
modeling of this state are also suggested. 

Finite element models that can model any EM media provided that the 
thermal and EM properties of the medium are known. 

7. Finite element models that are modular and employ standard linear and 
nonlinear assembly, scaling, and solution techniques. 
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8. Finite element models that require no special boundary treatment for 
adjacent elements that possess differing EM or thermal properties. 

9. EM finite elements that can predict electric and magnetic fields with a 
high degree of accuracy. 

10. EM Finite elements that require fewer degrees of freedom for the analysis 
of two and three-dimensional field problems than the conventional field 
based finite elements currently in use. 

12.2 DIRECTIONS FOR FURTHER RESEARCH. 

The focus of this work is upon the analysis of magnetostatic EM field 
problems. These cover a significant but small part of the range of EM field 
problems that are of interest to scientists and engineers. The ready exten- 
sion of the four-potential variational principle to a wide range of EM field 
problems provides a powerful tool for the solution of difficult EM problems. 

An unsolved problem of most interest to the author is the one where 
normal and superconducting state coexist near the transition state. A re- 
alistic treatment of this problem requires two- and three-dimensional space 
discretization and consequently follows outside the scope of this work. To 
extend the present work to that problem, a multidimensional adaptive mesh 
appears to be necessary to determine the interface between normal and su- 
perconducting portions of a conductor as well as to improve the conditioning 
of the tangent stiffness matrix. 

Another direction that scientific research can take from the results of 
this work is experimental verification of these results. This verification would 
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add considerably more evidence for the validity of the Ginzburg-Landau the- 
ory of superconductivity as well as a greater understanding of supercon- 
ductivity in general. Even without this verification, the results herein that 
compare the current density to a low viscosity fluid stream might be applied 
to the analysis and eventual development of a model of high temperature 
superconductivity. 

Other problems of active interest to the engineering community are 
dynamical in nature. These problems include the analysis of time-dependent 
EM waves moving through fixed (static) EM media, as well as EM media 
coupled with rapid mechanical motions. These problems are highly comples, 
but the general applicability of the four-potential method to EM problems 

in general appears to be well suited for the numerical treatment of these 
problems. 

Finally, the thermal functionals that are used to analyze the tem- 
perature distribution within the conductor are adequate for the relatively 
minor loadings and changes of loadings that are presented here. A direction 
of further research that the author has already undertaken is the develop- 
ment of thermal finite elements that are nonlinear in nature. These elements 
allow the thermal conductivity k and the electrical resistivity u to be func- 
tions of the temperature T rather than the spatial coordinates. It is hoped 
that these elements will permit a more accurate analysis of the temperature 
distribution within a normal conductor and allow larger “steps” to be taken 
with solution path following techniques. 

In conclusion, the EM finite elements that are presented here have 
performed well and confirmed the ability of the four-potential variational 
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principle to solve a range of problems. The author believes that this method- 
olgy is relatively simple to use and exhibits key advantages over current field 
based formulations. Potential based formulations and variational principles 
show promise for the treatment of unsolved EM problems and should both 
be given due consideration over field-based formulations. 
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